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The quantum speed limit is a fundamental concept in quantum mechanics, which aims at finding
the minimum time scale or the maximum dynamical speed for some fixed targets. In a large number
of studies in this field, the construction of valid bounds for the evolution time is always the core
mission, yet the physics behind it and some fundamental questions like which states can really fulfill
the target, are ignored. Understanding the physics behind the bounds is at least as important
as constructing attainable bounds. Here we provide an operational approach for the definition
of quantum speed limit, which utilizes the set of states that can fulfill the target to define the
speed limit. Its performances in various scenarios have been investigated. For time-independent
Hamiltonians, it is inverse-proportional to the difference between the highest and lowest energies.
The fact that its attainability does not require a zero ground-state energy suggests it can be used
as an indicator of quantum phase transitions. For time-dependent Hamiltonians, it is shown that
contrary to the results given by existing bounds, the true speed limit should be independent of the
time. Moreover, in the case of spontaneous emission, we find a counterintuitive phenomenon that a
lousy purity can benefit the reduction of the quantum speed limit.
I. INTRODUCTION
Coherence and entanglement are important resources
in quantum technology, especially in quantum informa-
tion processing, quantum computation [1] and quantum
metrology [2, 3]. However, the existence of decoher-
ence limits the lifetime of these quantum resources, and
now is a major obstacle for the development of quantum
computers. Extending the coherent time and reducing
the operation time with bounded energies are two com-
mon methods in general for this problem. To reduce the
time for performing a quantum gate, the system needs
to evolve as fast as possible, and the shortest time for
performing a quantum operation or evolving a state to
a target state is now referred to as the quantum speed
limit (QSL).
The QSL has now been broadly used to characterize
quantum dynamics [4–8, 10–19]. Specifically, they have
found applications in open quantum systems [20–27], e.g.,
in the identification of decoherence times [28, 29], as well
as in quantum metrology [30–32], quantum control [33–
37], and quantum information processings like the prepa-
ration of quantum states [38]. They have also been stud-
ied in nonequilibrium dynamics [39], relativistic dynam-
ics [40], and non-Hermitian systems [41]. The recent in-
troduction of speed limits in classical systems [42–44] sug-
gests a unifying framework of both quantum and classical
bounds using information geometry [45]. Novel numeri-
cal methods like machine learning [46] have also been ap-
plied in the study of the QSL. A thorough review on the
recent development of the QSL can be found in Ref. [12].
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For a pure state under unitary evolution, the evolved
state |ψ(t)〉 = exp(−iHt)|ψ(0)〉, where H is a time-
independent Hamiltonian of the system, |ψ(0)〉 is the ini-
tial state and t is the evolved time. Here and in the
following, ~ is set to be 1. The most well-known sce-
nario for the QSL is to evolve a pure state to its orthog-
onal state. In this case, the first bound for evolution
time is τMT = pi/(2∆H), where ∆H :=
√〈H2〉 − 〈H〉2
is the standard deviation of the Hamiltonian with 〈·〉 the
expected value. This bound was given by Mandelstam
and Tamm in 1945 [4], known as the MT bound today.
Latter in 1998, Margolus and Levitin [5] provided an-
other bound for this scenario τML = pi/(2〈H〉), which is
known as the ML bound now. In 2009, Levitin and Tof-
foli [7] proved that the combined bound of τMT and τML
is tight by assuming the ground energy is zero. However,
this bound can only be attained by two-level systems
with the specific states 1√
2
(|E0〉 + eiφ|E1〉) (|E0〉, |E1〉
are the energy eigenstates and φ ∈ [0, 2pi] is a relative
phase) [12]. For a more general target, this bound was
numerically extended to τC = max
{
A
∆H ,
2A2
pi〈H〉
}
by Gio-
vannetti, Lloyd and Maccone [6, 30], with A = arccos f
the Bures angle, as well as the target angle, in this equa-
tion. f = Tr
√√
ρ0ρ1
√
ρ0 is the fidelity between two
quantum states ρ0 and ρ1.
Another well-used method for the construction of the
QSL is the geometric approach, which utilizes the met-
rics and geodesic lines in some differential manifolds. One
such example is the quantum Fisher information based
on the symmetric logarithmic derivative, which is propor-
tional to the Fubini-Study and Bures metrics for pure and
mixed states [47]. In 2013, Taddei et al. [20] used it to
construct an inequality for the QSL A ≤ ´ t
0
1
2
√
F (t′)dt′,
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Figure 1. (Color online) Dynamical trajectory of a quantum
state ρ. Only one trajectory (blue line) exists for a non-
cotrolled fixed Hamiltonian with a fixed decoherence. The
states satisfying the target angle are hence the intersections
between the trajectory and the set of states satisfying the tar-
get angle (black line), which is determined by the trajectory
itself. Therefore, the QSL should not be a function of time in
these cases.
where F (t) is the quantum Fisher information for the
time t. The squared infinitesimal distance then reads
ds2 =
∑
µν gµνdλµdλν . In the case that F is independent
of time, an explicit expression of QSL can be obtained
as τF = 2A/
√
F . Similarly to the previous mentioned
tools, τF are not attainable for mixed states and high-
level systems. In around 2016, Mondal et al. [9] extended
the result to the WignerâĂŞYanase skew information and
connected the QSL with the quantum coherence, and in
the mean time, Pires et al. [10] extended this result to
a family of contractive Riemannian metrics (also known
as a family of quantum Fisher information in some liter-
atures) [48]. For a density matrix ρ which is a function of
a set of parameters {λµ}, this family of metrics is of the
form gµν = 14Tr[∂λµρK
−1(∂λνρ)], where K(·) is a super-
operator defined byK(·) = h(LR−1)R(·) with L (R) also
a superoperator defined by L(A) = Aρ (R(A) = ρA).
h(·) here is called the Morozova-Čencov function, which
satisfies operator monotone (h(A) ≥ h(B) for A ≥ B),
self-inverse (h(x) = xh(1/x)) and normalization (h(1) =
1). Assuming all the parameters in {λµ} are depen-
dent on time, the geodesic line L between the initial and
evolved states satisfies
L ≤
ˆ t
0
ds
dt′
dt′ =
ˆ t
0
√∑
µν
gµν
dλµ
dt′
dλν
dt′
dt′. (1)
Bures angle is not the only tool to define the target
angle in the studies of QSL. For example, in 2013 del
Campo et al. [21] used the relative purity and Campaioli
et al. [14] further used its angle to define the target an-
gle. Other types of fidelity are also considered [23, 49].
Bloch vector is another well-used geometric representa-
tion of quantum states in quantum mechanics, and the
angle between the Bloch vectors provides another tool to
define the target angle [14, 27]. Considering the unitary
evolution, Campaioli et al. [14] provided an alternative
inequality for the QSL as
t ≥ τB = Θ
Q
, (2)
where Θ is the target angle defined via the Bloch vectors
and
Q =
1
t
ˆ t
0
√
2Tr(ρ2H2 − ρHρH)
Tr(ρ2)− 1/N dt
′, (3)
with N the dimension of ρ.
In most theories in regard to the QSL, an explicit in-
equality with respect to the time is hard to obtain since it
usually involves an integral which cannot be solved ana-
lytically, especially in the case of time-dependent Hamil-
tonians. The common method to deal with it is to for-
mally add t and 1/t in front of the integral simultaneously
and treat 1/t and the integral together as an expected
value of some quantity with respect to t. For example, in
the inequality L ≤ ´ t
0
X(t′)dt′, one can obtain a formal
inequality on t as t ≥ L/X¯(t) with X¯(t) = 1t
´ t
0
X(t′)dt′
the average value with respect to time. The major prob-
lem of this formal solution is that X¯(t) is a function of
time in most cases, indicating the obtained bound will
change for different choice of time. However, this result
does not reflect the physics correctly. In the case of a non-
controlled fixed Hamiltonian, the trajectory of evolution
in state space is fixed for a fixed decoherence mode and
strength, whether the Hamiltonian is time-dependent or
not. This is due to the fact that the solutions of states
in a fixed differential equation is unique.
This can also be understood from the perspective of
physics. Consider the unitary evolution for a specific ini-
tial state ρ with a time-dependent Hamiltonian. The dy-
namical operator is U(t1) = exp(−iT
´ t1
0
H(t)dt) with T
the time-ordering operator. For a non-controlled Hamil-
tonian, U(t1) relies on t1, not t, indicating that U is fixed
for a fixed t1. This fact means the dynamical trajectory
(blue line in Fig. 1) in the state space for ρ is fixed. In the
meantime, the set of states satisfying the target angle for
ρ is also fixed (black line in Fig. 1). Therefore, the states
that can reach the target angle on the trajectory are the
intersections between the blue and black lines, which is
actually determined by the trajectory itself. Then the
evolution time to reach the target angle for ρ is fixed
in this case due to the fact that the trajectory is fixed.
In a word, this evolution time is determined by the other
parameters (apart from the evolution time) in the Hamil-
tonian and dissipative modes in the case of open systems,
rather than the time t. Hence, the QSL should not be
dependent on the time either. Most of the current the-
oretical tools cannot reveal this fact, especially for the
3time-dependent Hamiltonians. New approaches are still
in need in this field to reveal the true physics behind the
QSL. This is a major motivation of this paper.
II. METHODOLOGY
To define the QSL, the physical scenario and target
needs to be clarified first. Bloch sphere is a natural rep-
resentation to show the geometry of quantum mechanics.
It is known that a N -dimensional density matrix ρ can be
expressed by a Bloch vector via the equation below [50]
ρ =
1
N
(
1 +
√
N(N − 1)
2
~r · ~λ
)
, (4)
where ~r is the Bloch vector, 1 is the identity matrix and
~λ is a (N2 − 1)-dimensional vector of su(N) generators.
Through this paper, the target we consider is defined via
the angle [14]
θ(t, ~r) := arccos
(
~r · ~r(t)
|~r||~r(t)|
)
, (5)
where ~r and ~r(t) are the initial and evolved states.
θ ∈ (0, pi]. The physical scenario for the QSL is evolv-
ing some initial state ~r with a Hamiltonian H to any
state satisfying the target angle Θ (Θ is a known fixed
angle defined by above equation).
For a Hamiltonian H, it is possible that not all states
in the state space can fulfill the target, yet this fact was
widely neglected in the previous studies of the QSL based
on inequalities. Here we first define a set S as the set of
initial states that can fulfill the target angle, i.e.,
S := {~r|θ(t, ~r) = Θ,∃t}. (6)
Similarly, we also define the set of reachable target states
as
D := {~rtar|Θ = arccos
(
~r · ~rtar
|~r||~rtar|
)
, ~r ∈ S}. (7)
Here are some observations on S and D.
Proposition 1. S = D for periodic evolutions.
This can be easily proved since the dynamical trajec-
tories of periodic evolution are closed. Any two states on
the same trajectory can evolve to each other.
Proposition 2. For two target angles Θ1,Θ2 6= pi, if
the dynamics of the quantum states is continuous, then
S(Θ1) ⊂ S(Θ2) for Θ1 > Θ2.
In the case that the dynamics is continuous, the inner
product between the initial and evolved states is also con-
tinuous, therefore, if the state can reach the target angle
Θ, it can also reach all the target angles smaller than Θ.
One exception here is Θ = pi. In some open systems, it is
possible that some Bloch vectors only change the length.
set of reachable target states
quantum states
set of target states
Figure 2. (Color online) Schematic for operational definition
of the QSL. For any state in S, there exists a subset of D
(area within the solid black line) including all the target states
(states satisfying the target angle Θ), and some of them (area
within the dashed red line) are reachable for a specific H. The
minimum evolution time for all states in S to reach the target
states is the operational QSL τ .
In this case, when the states evolve through the zero vec-
tor and then change direction, it can still reach the angle
pi, yet the inner production is not continuous during the
evolution.
The time-independent Hamiltonian is one of the ma-
jor subjects in the study of the QSL. Here we provide
an explicit expression of S for any dimensional time-
independent Hamiltonians under unitary evolution (the
derivation is in Appendix A).
Proposition 3. For a N -dimensional time-independent
Hamiltonian under unitary evolution, one expression of
S in the energy basis {|Ei〉} is
S =
{
~r
∣∣∣1− cos Θ = 1|~r|2
N−1∑
n=1
n−1∑
i=0
(1− cos [(En − Ei)t])
× (r2n2+2i−1 + r2n2+2i) ,∃t
}
, (8)
where Ei (with corresponding eigenstate |Ei〉) is the ith
energy eigenvalue (we assume Ei ≤ Ej for i ≤ j) and ri
is the ith entry of ~r.
With the assistance of S, now we are in a position to
introduce the operational definition of the QSL.
Definition 1. The QSL τ is defined as the minimum
evolution time to fulfill Θ for any ~r ∈ S, i.e.,
τ := min
~r∈S
t
s.t. θ(t, ~r) = Θ. (9)
This operational definition requires two steps to mea-
sure the QSL: (1) find the regime of the set S and (2) find
the minimum evolution time to reach the target angle for
states in S, as shown in Fig. 2. This definition makes the
4QSL measurable in physics. For a specific quantum sys-
tem, we can first find the regime of S either theoretically
or experimentally, then experimentally prepare enough
initial states in S and measure the corresponding evolu-
tion time to reach the target angle. At last, the minimum
time of them is just the QSL we seek. This definition has
two obvious advantages: (i) it is guaranteed to be attain-
able by the definition and (ii) it is state-independent,
which means it only reflects the fundamental property of
the Hamiltonian structure and decoherence.
Another benefit with the assistance of S is that we can
now define a finite guaranteed time to reach the target
angle as the maximum time in S.
Definition 2. The guaranteed time to reach the target
angle Θ is defined as
ζ := max
~r∈S
t
s.t. θ(t, ~r) = Θ. (10)
It is impossible to define a finite guaranteed time with-
out S in general since the time for the states out of S to
reach Θ is actually infinite. In the following we will dis-
cuss it in various scenarios, including time-independent
and time-dependent Hamiltonians and open systems.
III. TIME-INDEPENDENT HAMILTONIANS
The first scenario we consider is time-independent
Hamiltonians, for which we have the following theorem.
Theorem 1. For a general multi-level system with a
time-independent Hamiltonian H, the operational defi-
nition of the QSL is
τ =
Θ
Emax − E0 , (11)
where Emax and E0 are the highest and lowest energies
with respect to H. This QSL τ can be attained by the
states
ρopt =
∑
i
1
N
|Ei〉〈Ei|+ξ|E0〉〈Emax|+ξ∗|Emax〉〈E0| (12)
with the complex coefficient ξ satisfying |ξ| ∈ (0, 1/N ].
The proof of this theorem based on Proposition 3 is
given in Appendix B. For other states in S that not in the
form of Eq. (12), τ is a lower bound of the corresponding
evolution time to reach the target angle. In the following
we give several remarks on this theorem.
Remark 1. The attainable states are mixed states for
N ≥ 3. They can only be pure in two-level systems by
choosing |ξ| = 1/2, which is the reason why the bounds
attainable for pure states, like MT and ML bounds, can
only be saturated in two-level systems [12].
Remark 2. It does not require a zero ground-state
energy to be attainable. In the case of two-level systems,
Figure 3. (Color online) The QSL τ (dashed blue line) and
its derivative with respect to h (solid red line) as functions of
h in one-dimensional transverse Ising model. J is set to be 1
in the plot. The target Θ = pi/2.
the only case that τMT and τML are attainable, if the
ground-state energy is set to be zero, then τ = min τMT =
min τML for Θ = pi (i.e., the orthogonal states as the
target).
Remark 3. This bound can also be obtained by the
bound τB = Θ/Q (Q is given in Eq. (3)) [14] with a
proper choice of su(N) generators and the optimization
over S. The discussion is in Appendix B.
A corollary on the guaranteed time ζ can be immedi-
ately obtained for periodic evolutions.
Corollary 1. For time-independent Hamiltonians, the
guaranteed time for a periodic evolution with period T is
ζ = T − τ. (13)
Define S(km) (m < k < N) as a subset of S given
in Proposition 3, and all the legitimate states in S(km)
satisfy r2n2+2i−1 +r
2
n2+2i is non-zero for i = m,n = k and
zero for others subscripts, we have the following corollary.
Corollary 2. For all legitimate states in S(km), the min-
imum time τkm to reach target angle can be expressed by
τkm =
Θ
Ek − Em . (14)
Due to Remark 2 that τ does not require a vanishing
ground state energy, many intriguing phenomena of the
ground state can be exhibited in τ , such as the quantum
phase transition [51]. Here we use the one-dimensional
transverse Ising model as an example to show that the
susceptibility of τ with respect to the external field can
be used as an indicator for the quantum phase transition.
The Hamiltonian of the model is
H = −J
(
M∑
i=1
σxi σ
x
i+1 + h
M∑
i=1
σzi
)
, (15)
where σxi (σzi ) is the the Pauli X(Z) matrix for the ith
spin, J is the interaction strength and h = B/J with B
5the strength of the external field. M is the spin number.
Taking into account the periodic boundary condition, the
Hamiltonian above can be analytically solved as H/J =
2
∑
k ωkc
†
kck −
∑
k ωk, where ωk =
√
1− 2h cos k + h2,
and ck (c
†
k) is a fermionic annihilation (creation) opera-
tor. k = 2pin/M with n = 0,±1, · · · ,± 12 (M − 1) for odd
M and n = ± 12 ,± 32 , · · · ,± 12 (M − 1) for even M . The
ground-state energy is E0/J = −
∑
k ωk and the highest
energy is Emax/J =
∑
k ωk. At the thermodynamic limit
(details in Appendix C), the QSL reads
τ =
pisgn(1 + h)Θ/J
4M(h+ 1)E
(
4h
(h+1)2
) , (16)
where sgn(·) is the sign function and E(·) is the complete
elliptic function of the second kind. Furthermore, the
susceptibility of τ with respect to h is
δτ
δh
=
sgn(h+ 1)piΘ/J
8Mh(h+ 1)2E2
(
4h
(h+1)2
)[(h+ 1)E( 4h
(h+ 1)2
)
+(h− 1)K
(
4h
(h+ 1)2
)]
, (17)
where K(·) is the complete elliptic function of the first
kind.
The QSL and its susceptibility with respect to h are
shown in Fig. 3, in which the largest τ is always obtained
at h = 0. More importantly, δτ/δh is not smooth at
h = ±1, which is due to the well-known fact that h = ±1
are the critical points. Thus, the susceptibility of the
QSL is an observable to detect the phase transition. The
corresponding scheme is to prepare the system in the
state ρopt and then measure the change of the evolution
time when the target angle is reached. This scheme is
robust to the dephasing noise during the state prepara-
tion because τ can be attained by any reasonable nonzero
value of η.
Two-level systems are the earliest systems in the study
of QSL and also the only case in which τC and τF are
attainable. For two-level systems, any state can be ex-
pressed via the Bloch vector
~r(η, α, ϕ) = η(sinα cosϕ, sinα sinϕ, cosα), (18)
where η ∈ [0, 1], α ∈ [0, pi] and ϕ ∈ [0, 2pi]. Since the
unitary evolution of a two-level system is periodic, S is
equivalent to D in this case according to Proposition 1.
Furthermore, we have the following corollary.
Corollary 3. For a 2-dimensional time-independent
Hamiltonian under unitary evolution, the set S(D) in the
Bloch representation is{
~r(η, α, ϕ)
∣∣∣η ∈ (0, 1], α∈[Θ
2
, pi − Θ
2
]
, ϕ∈ [0, 2pi]
}
.
(19)
Let E0 and E1 be the ground and excited energies of the
Hamiltonian, then the operational definition of the QSL
is
τ =
Θ
E1 − E0 . (20)
A thorough discussion of this case from a geometric
perspective in Bloch sphere is in Appendix D. In the
Bloch sphere (with |E1〉 the north pole), S is the light
gray area in Fig. 4(a). All states in Bloch sphere apart
from the double cone with the apex angle Θ belong to
S. It can be seen that the volume of S shrinks with the
increase of Θ, which can be explained via Proposition 2.
Physically, most states in S here have two states on the
dynamical trajectory satisfying the target angle Θ 6= pi
and one for Θ = pi.
In regard to the QSL, τ can be attained by any state
in the xy plane apart from the original point. A major
difference between τ in Eq. (20) and τC, τF is that τ is
attainable for both pure and mixed states. Figure 4(d)
compares τ (solid black line), τC (dash-dotted red line)
and τF (dashed blue line) as a function of |~r| for the
states in the xy plane (in which they are all irrelevant
to ϕ). It shows τ is always the tightest bound for any
value of |~r| since it is always attainable in this plane.
When |~r| = 1, both τC and τF coincide with τ , confirming
the fact that they are only attainable for pure states in
this case. Meanwhile, since the dynamics in this case
is periodic with the period 2piE1−E0 , the guaranteed time
then reads
ζ =
2pi −Θ
E1 − E0 (21)
according to Corollary 1.
IV. TIME-DEPENDENT HAMILTONIANS
Finding the QSL for time-dependent Hamiltonians is
always a core task in the studies of this field. In the previ-
ous researches, most theoretical tools for time-dependent
Hamiltonians are formal inequalities with respect to time
and the bounds contain a average process over the time,
which make them time-dependent. This is not reason-
able as already discussed in the introduction. Here we
will show that the operational definition of the QSL does
not have such problems and can reveal the true physics
behind the QSL. We take the Landau-Zener model as an
example, of which the Hamiltonian is
H = ∆σx + vtσz, (22)
where ∆ and v are time-independent parameters. In the
following we take the eigenstate of the positive eigenvalue
of σz as the north pole of Bloch sphere. In the case
that ∆ = 0, S is also in the form of Eq. (19) since the
dynamics is still the rotation around the z axis, which is
also numerically confirmed in Fig. 5(a.0).
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Figure 4. (Color online) The set S(D) for a two-level system
in Bloch sphere from (a) front view; (b) top view; (c) oblique
view. The light gray area is S(D). The states in the blue cones
cannot fulfill the target angle Θ. (d) Comparison among τ
(solid black line), τF (dashed blue line) and τC (dash-dotted
red line) for the initial states in the xy plane. The target
angle Θ = pi/2.
For a non-vanishing ∆, the analytical expression of S
is hard to obtain, therefore we provide the numerical re-
sults in Fig. 5(b) and (c) for ∆ = 1.0 and 2.0, respec-
tively. Figure 5(b.0) and (c.0) show the distributions of
S in Bloch spheres. For the sake of a better presentation,
we replot S as a function of α and ϕ, defined in Eq. (18),
in Fig. 5(a.1), (b.1) and (c.1). The distribution of S is
not affected by η since the dynamics is unitary. The gray
areas in Bloch spheres and white areas in α-ϕ plots rep-
resent the regimes of S and the blue areas are the set of
states that cannot reach the target angle (S¯). The target
angle Θ = pi/2 and v = 1 in all plots. One may no-
tice that S¯ is central symmetric about the original point,
which is due to the fact that the dynamical trajectories
of a pair of central symmetric initial states are also cen-
tral symmetric (graphically shown in Appendix E). The
area of S¯ shrinks with the increase of ∆, indicating that
a larger ∆ allows more states to reach the target angle
in this case.
In the case of ∆ = 0, the operational definition of the
QSL can be analytically obtained (details in Appendix E)
as follows
τ =
√
Θ
v
, (23)
which is only the function of Hamiltonian parameters v
and the target angle, rather than the function of time.
This result confirms our argument that the QSL for time-
dependent Hamiltonians should not be a function of time.
τ can be attained by any state in the xy plane apart
from the original point. Furthermore, since the dynamics
here is still periodic with the period T =
√
2pi/v, the
guaranteed time ζ is
ζ =
1√
v
(√
2pi −
√
Θ
)
. (24)
The operational definition of the QSL for a non-
vanishing ∆ is numerically calculated and shown in
Fig. 5(d) as a function of ∆ for different values of v.
One can see τ always decays with the increase of ∆ and
v. For a large ∆, τ is independent of v, which is due to
the fact that in this regime ∆σx is the dominant term
in Hamiltonian and the QSL reduces to Θ/(2∆) (green
dots in Fig. 5(d)) according to Corollary 3.
In the meantime, τB in this case can be calculated as
τB =
Θ
vt
√
|~r|2
|~r|2 − r2z
, (25)
which is inverse propositional to the time t. rz is the
third entry of the Bloch vector. For the states in the
xy plane where τ is attainable, τB = Θ/(vt) is still re-
lated to the time. Figure 5(e) compares the performances
of τ and τB for different values of ∆. The dashed-blue
and dash-dotted green lines represent τ for ∆ = 0 and
1, respectively. And the dotted black and solid red lines
represent τB for ∆ = 0 and 1. The initial states of τB
are taken as those that can reach τ . The target angle
Θ = pi/2 and v is set to be 1. From this figure, one
can see that after the time τ , τ is always tighter than τB
since τ is true and attainable. In the case of ∆ = 0, the
target angle Θ cannot be fulfilled by the evolution time
in the gray regimes (I) and (II), which means the evolu-
tion time to reach Θ in this regime is actually infinity in
mathematics. Therefore, any finite value can provide a
mathematically correct bound in this case, as given by τB
and other bounds based on the same philosophy (similar
things happen in the regime (I) for ∆ = 1). However,
these bounds themselves cannot provide this information
and sometimes may mislead the true physics behind the
mathematics.
V. OPEN SYSTEMS
The QSL in open systems is intriguing yet more com-
plicated compared to the unitary evolution. Many works
attempted to provide attainable bounds for open sys-
tems. In regard to the Bloch representation, Campaioli
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Figure 5. (Color online) (a-c) The set S for (a) ∆ = 0; (b) ∆ = 1.0 and (c) ∆ = 2.0 in Landau-Zener model. (a.0), (b.0) and
(c.0) show the distributions of S in Bloch spheres. (a.1), (b.1) and (c.1) show the distributions of S as a function of α and
ϕ. The white (and gray) and blue areas are the regimes that the target angle Θ = pi/2 can and cannot fulfill, respectively. v
is set to be 1 in the plots. (d) The QSL τ as a function of ∆ for v = 1 (solid blue line), v = 2 (dashed red line) and v = 4
(dash-dotted black line) in Landau-Zener model. The green dots represent the analytical solution of τ for large ∆. The target
in the plot is Θ = pi/2. (e) Comparison between τ and τB for different values of ∆. The dashed blue and dotted black lines
represent τ and τB for ∆ = 0 and the dash-dotted green and solid red lines represent τ and τB for ∆ = 1. v is set to be 1. The
target angle Θ = pi/2.
et al. [27] used the distance between two Bloch vectors
to derive a bound of the QSL. Here we show the perfor-
mance of the operational definition of the QSL in open
systems.
A large number of quantum dynamics of open systems
is governed by the following master equation
∂tρ (t)=−i [H, ρ]+
∑
i
γi
[
Liρ(t)L
†
i −
1
2
{L†iLi, ρ(t)}
]
,
(26)
where Li is the ith Lindblad operator depicting certain
decay mode. For a time-independent Hamiltonian un-
der Markovian dynamics, i.e., γi is time-independent for
any subscript i, the dynamics of the corresponding Bloch
vector is an affine map
~r(t) = eM
Tt(~r −~l ) +~l, (27)
where M and ~l are real and the specific expressions are
given in Appendix F. For this dynamics, the set S is of
the form
S =
{
~r
∣∣∣ cos Θ = ~rTeMTt(~r −~l ) + ~rT~l∣∣eMTt(~r −~l ) +~l ∣∣|~r| ,∃t
}
. (28)
The first example we consider is the following master
equation
∂tρ = −i [H, ρ] + γ+
[
σ+ρσ− − 1
2
{σ−σ+, ρ}
]
+γ−
[
σ−ρσ+ − 1
2
{σ+σ−, ρ}
]
, (29)
where the Hamiltonian H = 12ω0σz with σx,y,z a Pauli
matrix, and σ± = 12 (σx ± iσy). This model can depict
some important physical processes like the spontaneous
emission (γ+ = 0) and finite-temperature thermodynam-
ics. Our first concern in open systems is how S is af-
fected by the decoherence. For the dynamics governed
by Eq. (29), S is of the form{
~r(η, α, ϕ)
∣∣cos Θ= sin2 α cos (ω0t)+ χ cosα√
sin2 α+ χ2
,∃t
}
, (30)
where χ = e−
1
2γf t cosα+ 2γdηγf sinh
(
1
2γft
)
with γf = γ+ +
γ− and γd = γ+ − γ−. The details of the calculation
are given in Appendix F. Notice that the constrain in
Eq. (30) does not involve ϕ, which means in the Bloch
sphere S is axial symmetric around the z axis.
In the case of spontaneous emission (γ+ = 0, γ− = γ),
the distribution of S (colored area) and the correspond-
8ing values of the minimum time to reach the target an-
gle Θ are given in Fig. 6(a) as a function of α and η.
Θ = pi/4 and γ = 0.1 in this plot. The area between the
dotted black lines is S under unitary evolution. It can be
seen that the area of S changes under the spontaneous
emission. Affected by this decoherence, some states with
large α and small η cannot reach the target angle any-
more. However, the beneficial part is that the states with
small α can reach the target angle now.
A more interesting phenomenon here is that the mini-
mum evolution time reduces with the decrease of η, which
indicates that a lousy purity may speedup the evolution
to reach the target angle. To clarify the behavior of the
QSL with small η, we calculated corresponding τ analyt-
ically. For an acute target angle, the operational defini-
tion of the QSL in this case approximates to
τ ≈ δη
γ
sin Θ, (31)
where δη is a small purity. The details of the calcula-
tion are in Appendix F. τ in the above equation can be
attained by the states with α = pi2 − Θ. In the stud-
ies of quantum information, purity is always treated as
a resource for many quantum information processings,
and the decoherence jeopardizes the purity and is harm-
ful for those processings. However, here our calculation
shows that with respect to the QSL, the states with a
lousy purity may provide a shorter evolution time for the
fulfillment of an acute target angle, which is very counter-
intuitive and has not been discovered by other tools to
the best of our knowledge. In this case, the increase of
strength may slightly reduce the size of S yet significantly
enhances the reduction of τ .
The behaviors of the QSL with non-Markovian dynam-
ics have drawn some attention in recent years [22, 23,
52, 53]. The model of spontaneous emission can also
reveal the non-Markovian dynamics of damped Jaynes-
Cummings models, in which γ = γ(t) is a time-dependent
decay rate. In 2013, Deffner and Lutz [22] provided a very
useful formula of the QSL for purely initial states, and
discussed the corresponding behavior in this case. Here
we also use it to show the performance of operational
definition of the QSL for non-Markovian dynamics. The
only difference between non-Markovian and Markovian
dynamics in this model is that the decay rate γ = γ(t)
is time-dependent. For the non-Markovian dynamics, S
reads~r∣∣∣cos Θ= sin2 α cos
(
1
2 Im(Γ) + ω0t
)
+ χ1 cosα√
sin2 α+ f21
,
(32)
where Γ =
´ t
0
γ(t1)dt1 and χ1 = e−
1
2 Re(Γ) cosα −
2
η sinh
(
1
2Re(Γ)
)
. Re(·) and Im(·) represent the real and
imaginary parts. Figure 6(b) shows the distribution of
S of this non-Markovian dynamics. Compared to the
Markovian dynamics, the area of S shrinks and a state
with α > 3pi/4 can barely reach the target angle. For the
(b)
(a) 
Figure 6. (Color online) The set S and the evolution time
to reach the target angle as a function of α and η for (a)
Markovian and (b) non-Markovian dynamics in the case of
spontaneous emission. The colored areas represent S and the
values are corresponding minimum evolution time to reach
the target angle. The regime between the dashed black lines
is S for unitary evolution. ω0 is set to be 1 and Θ = pi/4 in
all plots.
states with a small α and large η, the minimum times to
reach the target angle significantly reduce which means
non-Markovian dynamics can speedup the evolution to
reach the target angle for this parameter regime. A simi-
lar phenomenon that poor purity may benefit the QSL is
also observed here. Utilizing the similar calculation pro-
cedure (details in Appendix F) in Markovian dynamics,
τ satisfies the following equation(
1− λ
d
)
e−
1
2 (d+λ)τ+
(
1 +
λ
d
)
e
1
2 (d−λ)τ = 2e−
1
8 δη sin Θ,
(33)
which is also attained by the states with α = pi2 −Θ. In
this equation, τ monotonically reduces with the decrease
of δη, which means a small purity can indeed speed up the
evolution to reach the target angle in this non-Markovian
dynamics.
Another example is the parallel dephasing
∂tρ = −i [H, ρ] + γ
2
(σzρσz − ρ) , (34)
where H is the same as that in the spontaneous emis-
sion. Dephasing is the dominant decay mode for some
physical processes like the recently discovered collective
9Figure 7. (Color online) S and the minimum evolution time to
reach the target angle as a function of α and decay rate γ for
Θ = pi/4 in the case of dephasing. The colored areas represent
S and the values are corresponding minimum evolution time
to reach the target angle. ω0 is set to be 1.
phonons bundle emission [54]. In this dynamics, S can
be expressed by~r(η, α, ϕ)∣∣∣cos Θ= 1−[1−e−γt cos(ω0t)]sin2 α√
1− (1− e−2γt) sin2 α
,∃t
.
(35)
The details of the calculation are in Appendix F. Here
only α affects the distribution of S, which means S always
consists of two cones similar to the unitary evolutions.
For example, the distribution of S for Θ = pi/4 is given
in Fig. 7 as a function of α and γ, which shows that in
this case the growth of the decay rate will make S shrink,
and the boundary of α moves towards pi/2. In the case
of Θ = pi/2, S reduces to
{~r(η, α, ϕ)|η ∈ (0, 1], α ∈ [αc, pi − αc] , ϕ ∈ [0, 2pi]} .
(36)
where the boundary αc = arcsin
(
1√
1+e−γpi/ω0
)
. In the
case Θ = pi, S consists of all states in the xy plane apart
from the original point. It is easy to see that S is not
affected by the dephasing in this case. For a reason-
able value of γ, the operational definition of the QSL for
Eq. (34) reads τ = Θ/ω0, which can be attained by all
states with α = pi/2 and η 6= 0. This result coincides
with the unitary counterpart when ω0 represents the en-
ergy difference between the excited and ground states,
indicating that τ is not affected by the parallel dephas-
ing for a not extremely strong decay rate.
VI. SUMMARY
In conclusion, we have introduced an operational ap-
proach to the notion of the QSLs, which is state-
independent and guaranteed to be attainable. With this
approach, we also define the guaranteed time for the ful-
fillment of the target angle. The performances of this op-
erational definition τ have been thoroughly investigated
in several scenarios. For time-independent Hamiltonians
under unitary evolutions, τ is inverse-proportional to the
difference between the highest and lowest energies. One
advantage of this result is that its attainability does not
require a zero ground-state energy. The ground-state en-
ergy contains fruitful phenomena in quantum physics like
the quantum phase transition. Therefore, the suscepti-
bility of τ can be used as an indicator of the quantum
phase transition, which is demonstrated with the one-
dimensional transverse Ising model in the paper.
For the time-dependent Hamiltonians, the existing
bounds of the QSL are basically all related to the time,
which is not reasonable in physics. We use the Landau-
Zener model as an example to show the true physics be-
hind the QSL. The analytical expression of τ is given
for ∆ = 0. With the increase of ∆, the value of τ ap-
proaches Θ/(2∆), which is exactly the QSL for the time-
independent term in the Hamiltonian. The results in
this case vividly clarify the fact that the QSL for non-
controlled time-dependent Hamiltonians should be irrel-
evant to the evolution time.
The open systems is another important scenario for
the research of the QSL. The numerical and analytical
calculations of τ in the case of the spontaneous emission
show a very interesting and counterintuitive phenomenon
that a lousy purity can benefit the reduction of the QSL,
which, to the best of our knowledge, has not been dis-
covered with the existing tools. Furthermore, this phe-
nomenon occurs in both Markovian and non-Markovian
dynamics, however, the specific relations between τ and
the purity are not exactly the same.
Different from conventional concerns about the QSL
that focus on valid mathematical tools, our operational
approach emphasizes the physics behind the QSL, which
may provide the community another perspective for the
study of fast dynamical behaviors in quantum mechan-
ics in the future. Moreover, the phenomena discov-
ered here would encourage experimenters to verify with
many quantum systems. Finally, our approach should
find broad applications in quantum technologies, such as
quantum control and parameter estimation in quantum
metrology, and it should carry over to arbitrary settings,
including classical dynamics and stochastic thermody-
namics.
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Appendix A: The set S for time-independent
Hamiltonians
It is known that a N -dimensional density matrix can
be expressed via the Bloch vector as below
ρ =
1
N
(
1 +
√
N(N − 1)
2
~r · ~λ
)
, (A1)
where 1 is the identity matrix, ~r is the Bloch vector sat-
isfying |~r| ≤ 1, and ~λ is the vector of su(N) generators.
For the unitary evolution, the evolved state ρ(t) is
ρ(t) = e−iHtρeiHt
=
1
N
(
1 +
√
N(N − 1)
2
~r · e−iHt~λeiHt
)
. (A2)
Based on the property of su(N) algebra, the uni-
tary evolution of any su(N) generator can be ex-
pressed as the linear combination of all generators, i.e.,
e−iHtλieiHt =
∑
j Cij(t)λj , which means ~r·e−iHt~λeiHt =∑
ij riCij(t)λj . This equation immediately leads to
~r(t) = CT(t)~r, (A3)
which is known as an unital affine map. Cij(t) can be
further solved as
Cij(t) =
1
2
Tr
(
e−iHtλieiHtλj
)
, (A4)
where the equation Tr(λiλj) = 2δij has been used. In
the energy basis, Cij(t) reduces to
Cij(t) =
1
2
∑
mk
ei(Em−Ek)t[λi]∗mk[λj ]mk (A5)
with [λj ]mk the mk-th entry of λj in the energy basis.
Ei is the ith energy eigenvalue. In the following we use
the specific energy basis {|E0〉, |E1〉, · · · , |EN−1〉}, where
we set E0 < E1 < · · · < EN−1. In this basis with an ap-
propriate representation of su(N) generators, the matrix
C(t) can be always expressed by
C(t) =
N−1⊕
n=1
V (n, t), (A6)
where V (n, t) =
[⊕n−1
i=0 M(En − Ei, t)
]
⊕ 1 with
M(x, t) =
(
cos(xt) − sin(xt)
sin(xt) cos(xt)
)
. (A7)
For example, for a two-level system, using the Pauli ma-
trices as the generators, C(t) reads
C(t) =
(
M(E1 − E0, t) 0
0 1
)
. (A8)
For three-level systems, using the Gell-Mann matrices as
the generators, C(t) is of the form.
M(E1 − E0, t) 0 0 0 0
0 1 0 0 0
0 0 M(E2 − E0, t) 0 0
0 0 0 M(E2 − E1, t) 0
0 0 0 0 1
.
The specific form of su(4) generators with respect to
Eq. (A6) is
λ0 =
 0 1 0 01 0 0 00 0 0 0
0 0 0 0
, λ1 =
 0 −i 0 0i 0 0 00 0 0 0
0 0 0 0
,
λ2 =
 1 0 0 00 −1 0 00 0 0 0
0 0 0 0
, λ3 =
 0 0 1 00 0 0 01 0 0 0
0 0 0 0
, (A9)
and
λ4 =
 0 0 −i 00 0 0 0i 0 0 0
0 0 0 0
, λ5 =
 0 0 0 00 0 1 00 1 0 0
0 0 0 0
,
λ6 =
 0 0 0 00 0 −i 00 i 0 0
0 0 0 0
, λ7 = 1√
3
 1 0 0 00 1 0 00 0 −2 0
0 0 0 0
,(A10)
and
λ8 =
 0 0 0 10 0 0 00 0 0 0
1 0 0 0
, λ9 =
 0 0 0 −i0 0 0 00 0 0 0
i 0 0 0
,
λ10 =
 0 0 0 00 0 0 10 0 0 0
0 1 0 0
, λ11 =
 0 0 0 00 0 0 −i0 0 0 0
0 i 0 0
, (A11)
and
λ12 =
 0 0 0 00 0 0 00 0 0 1
0 0 1 0
, λ13 =
 0 0 0 00 0 0 00 0 0 −i
0 0 i 0
, (A12)
and λ14 = 1√6diag(1, 1, 1− 3). For higher dimension, the
generators can be constructed similarly.
The period T of the evolution is determined by the
period of C(t), which requires that all the energy gaps
are commensurable with each other. For the case that
Ei+1 −Ei is a constant d for any i, the period of C(t) is
T = 2pi/d.
Recalling that ~r(t) = CT(t)~r, the angle between the
initial and evolved Bloch vectors is
cos θ =
~r(t) · ~r
|~r|2 =
~rTC(t)~r
|~r|2 . (A13)
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The set S can then be written into
S =
{
~r
∣∣∣ cos Θ = ~rTC(t)~r|~r|2 ,∃t
}
. (A14)
Utilizing Eq. (A6), Eq. (A13) can be rewritten into
cos θ = 1− 1|~r|2
N−1∑
n=1
n−1∑
i=0
(1− cos [(En − Ei)t])
× (r2n2+2i−1 + r2n2+2i) , (A15)
where ri is the ith element of ~r, which directly gives
S =
{
~r
∣∣∣1− cos Θ = 1|~r|2
N−1∑
n=1
n−1∑
i=0
(1− cos [(En − Ei)t])
× (r2n2+2i−1 + r2n2+2i) ,∃t
}
. (A16)
This is a general expression of S for time-independent
Hamiltonians under unitary evolution.
Appendix B: The QSL for time-independent
Hamiltonians under unitary evolution
1. Proof with the assistance of S
The calculation is to utilize the set S, in which all
states satisfy the equation
1− cos Θ = 1|~r|2
N−1∑
n=1
n−1∑
i=0
(1− cos [(En − Ei)t])
× (r2n2+2i−1 + r2n2+2i) . (B1)
According to the definition, the operational definition of
the QSL is the minimum time satisfying this equation.
Now define
f(t) :=
1
|~r|2
N−1∑
n=1
n−1∑
i=0
(1− cos [(En − Ei) t])
× (r2n2+2i−1 + rn2+2i) . (B2)
Its derivative on t is
∂f
∂t
=
1
|~r|2
N−1∑
n=1
n−1∑
i=0
(En − Ei) sin[(En − Ei)t]
×(r2n2+2i−1 + rn2+2i). (B3)
The proof contains two steps: (1) We first prove that
f(τ) is in the first monotonic increasing regime of f(t).
To do that, we need to prove ∂f∂t
∣∣
t=τ
≥ 0. The fact that
(En − Ei)τ = En − Ei
EN−1 − E0 Θ ≤ Θ ≤ pi (B4)
means the sine term in Eq. (B3) is non-negative; at the
same time, En − Ei is also non-negative; thus, one can
f(t)
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<latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1qFpEmYmQin6A27128Q/0L/wzpi CWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti /9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znnQOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1qFpEmYmQin6A27128Q/0L/wzpi CWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti /9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znnQOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1qFpEmYmQin6A27128Q/0L/wzpi CWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti /9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znnQOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9gG1SDKd1qFpEmYmQin6A27128Q/0L/wzpi CWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti /9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znnQOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit>
⌧
<latexit sha1_base64="AGJHy6akpLUafliUdTZfzU5IXkY=">AAACx3icjVHLSsNAFD2Nr/quunQ TLIKrkoigy6Ib3VWwD2iLJNNpOzQvkkmxFBf+gFv9M/EP9C+8M05BLaITkpw5954zc+/1k0Bk0nFeC9bC4tLySnF1bX1jc2u7tLPbyOI8ZbzO4iBOW76X8UBEvC6FDHgrSbkX+gFv+qMLFW+OeZqJOLqRk4R 3Q28Qib5gnlRUR3r5bansVBy97HngGlCGWbW49IIOeojBkCMERwRJOICHjJ42XDhIiOtiSlxKSOg4xz3WSJtTFqcMj9gRfQe0axs2or3yzLSa0SkBvSkpbRySJqa8lLA6zdbxXDsr9jfvqfZUd5vQ3zdeIbES Q2L/0s0y/6tTtUj0caZrEFRTohlVHTMuue6Kurn9pSpJDglxCvconhJmWjnrs601ma5d9dbT8TedqVi1ZyY3x7u6JQ3Y/TnOedA4rrhOxb0+KVfPzaiL2McBjmiep6jiEjXUyXuIRzzh2bqyYmts3X2mWgWj 2cO3ZT18AKwskMk=</latexit><latexit sha1_base64="AGJHy6akpLUafliUdTZfzU5IXkY=">AAACx3icjVHLSsNAFD2Nr/quunQ TLIKrkoigy6Ib3VWwD2iLJNNpOzQvkkmxFBf+gFv9M/EP9C+8M05BLaITkpw5954zc+/1k0Bk0nFeC9bC4tLySnF1bX1jc2u7tLPbyOI8ZbzO4iBOW76X8UBEvC6FDHgrSbkX+gFv+qMLFW+OeZqJOLqRk4R 3Q28Qib5gnlRUR3r5bansVBy97HngGlCGWbW49IIOeojBkCMERwRJOICHjJ42XDhIiOtiSlxKSOg4xz3WSJtTFqcMj9gRfQe0axs2or3yzLSa0SkBvSkpbRySJqa8lLA6zdbxXDsr9jfvqfZUd5vQ3zdeIbES Q2L/0s0y/6tTtUj0caZrEFRTohlVHTMuue6Kurn9pSpJDglxCvconhJmWjnrs601ma5d9dbT8TedqVi1ZyY3x7u6JQ3Y/TnOedA4rrhOxb0+KVfPzaiL2McBjmiep6jiEjXUyXuIRzzh2bqyYmts3X2mWgWj 2cO3ZT18AKwskMk=</latexit><latexit sha1_base64="AGJHy6akpLUafliUdTZfzU5IXkY=">AAACx3icjVHLSsNAFD2Nr/quunQ TLIKrkoigy6Ib3VWwD2iLJNNpOzQvkkmxFBf+gFv9M/EP9C+8M05BLaITkpw5954zc+/1k0Bk0nFeC9bC4tLySnF1bX1jc2u7tLPbyOI8ZbzO4iBOW76X8UBEvC6FDHgrSbkX+gFv+qMLFW+OeZqJOLqRk4R 3Q28Qib5gnlRUR3r5bansVBy97HngGlCGWbW49IIOeojBkCMERwRJOICHjJ42XDhIiOtiSlxKSOg4xz3WSJtTFqcMj9gRfQe0axs2or3yzLSa0SkBvSkpbRySJqa8lLA6zdbxXDsr9jfvqfZUd5vQ3zdeIbES Q2L/0s0y/6tTtUj0caZrEFRTohlVHTMuue6Kurn9pSpJDglxCvconhJmWjnrs601ma5d9dbT8TedqVi1ZyY3x7u6JQ3Y/TnOedA4rrhOxb0+KVfPzaiL2McBjmiep6jiEjXUyXuIRzzh2bqyYmts3X2mWgWj 2cO3ZT18AKwskMk=</latexit><latexit sha1_base64="AGJHy6akpLUafliUdTZfzU5IXkY=">AAACx3icjVHLSsNAFD2Nr/quunQ TLIKrkoigy6Ib3VWwD2iLJNNpOzQvkkmxFBf+gFv9M/EP9C+8M05BLaITkpw5954zc+/1k0Bk0nFeC9bC4tLySnF1bX1jc2u7tLPbyOI8ZbzO4iBOW76X8UBEvC6FDHgrSbkX+gFv+qMLFW+OeZqJOLqRk4R 3Q28Qib5gnlRUR3r5bansVBy97HngGlCGWbW49IIOeojBkCMERwRJOICHjJ42XDhIiOtiSlxKSOg4xz3WSJtTFqcMj9gRfQe0axs2or3yzLSa0SkBvSkpbRySJqa8lLA6zdbxXDsr9jfvqfZUd5vQ3zdeIbES Q2L/0s0y/6tTtUj0caZrEFRTohlVHTMuue6Kurn9pSpJDglxCvconhJmWjnrs601ma5d9dbT8TedqVi1ZyY3x7u6JQ3Y/TnOedA4rrhOxb0+KVfPzaiL2McBjmiep6jiEjXUyXuIRzzh2bqyYmts3X2mWgWj 2cO3ZT18AKwskMk=</latexit> · · ·<latexit sha1_base64="jk+fb9gAMka86FiV5YfSgu+hVx4=">AA ACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipYB/QFkmm0zo2TWIyEWtx5Q+41R8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8ORCod5zVnz czOzS/kFwtLyyura8X1jXoaZQnjNRYFUdL0vZQHIuQ1KWTAm3HCvaEf8IY/OFbxxg1PUhGF53IU887Q64eiJ5gniaq3WTeS6UWx5JQdvex p4BpQglnVqPiCNrqIwJBhCI4QknAADyk9LbhwEBPXwZi4hJDQcY57FEibURanDI/YAX37tGsZNqS98ky1mtEpAb0JKW3skCaivISwOs3W8U w7K/Y377H2VHcb0d83XkNiJS6J/Us3yfyvTtUi0cOhrkFQTbFmVHXMuGS6K+rm9peqJDnExCncpXhCmGnlpM+21qS6dtVbT8ffdKZi1Z6Z3 Azv6pY0YPfnOKdBfa/sOmX3bL9UOTKjzmML29ileR6gghNUUSPvKzziCc/WqXVt3Vp3n6lWzmg28W1ZDx/wcZGw</latexit><latexit sha1_base64="jk+fb9gAMka86FiV5YfSgu+hVx4=">AA ACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipYB/QFkmm0zo2TWIyEWtx5Q+41R8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8ORCod5zVnz czOzS/kFwtLyyura8X1jXoaZQnjNRYFUdL0vZQHIuQ1KWTAm3HCvaEf8IY/OFbxxg1PUhGF53IU887Q64eiJ5gniaq3WTeS6UWx5JQdvex p4BpQglnVqPiCNrqIwJBhCI4QknAADyk9LbhwEBPXwZi4hJDQcY57FEibURanDI/YAX37tGsZNqS98ky1mtEpAb0JKW3skCaivISwOs3W8U w7K/Y377H2VHcb0d83XkNiJS6J/Us3yfyvTtUi0cOhrkFQTbFmVHXMuGS6K+rm9peqJDnExCncpXhCmGnlpM+21qS6dtVbT8ffdKZi1Z6Z3 Azv6pY0YPfnOKdBfa/sOmX3bL9UOTKjzmML29ileR6gghNUUSPvKzziCc/WqXVt3Vp3n6lWzmg28W1ZDx/wcZGw</latexit><latexit sha1_base64="jk+fb9gAMka86FiV5YfSgu+hVx4=">AA ACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipYB/QFkmm0zo2TWIyEWtx5Q+41R8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8ORCod5zVnz czOzS/kFwtLyyura8X1jXoaZQnjNRYFUdL0vZQHIuQ1KWTAm3HCvaEf8IY/OFbxxg1PUhGF53IU887Q64eiJ5gniaq3WTeS6UWx5JQdvex p4BpQglnVqPiCNrqIwJBhCI4QknAADyk9LbhwEBPXwZi4hJDQcY57FEibURanDI/YAX37tGsZNqS98ky1mtEpAb0JKW3skCaivISwOs3W8U w7K/Y377H2VHcb0d83XkNiJS6J/Us3yfyvTtUi0cOhrkFQTbFmVHXMuGS6K+rm9peqJDnExCncpXhCmGnlpM+21qS6dtVbT8ffdKZi1Z6Z3 Azv6pY0YPfnOKdBfa/sOmX3bL9UOTKjzmML29ileR6gghNUUSPvKzziCc/WqXVt3Vp3n6lWzmg28W1ZDx/wcZGw</latexit><latexit sha1_base64="jk+fb9gAMka86FiV5YfSgu+hVx4=">AA ACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7ipYB/QFkmm0zo2TWIyEWtx5Q+41R8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8ORCod5zVnz czOzS/kFwtLyyura8X1jXoaZQnjNRYFUdL0vZQHIuQ1KWTAm3HCvaEf8IY/OFbxxg1PUhGF53IU887Q64eiJ5gniaq3WTeS6UWx5JQdvex p4BpQglnVqPiCNrqIwJBhCI4QknAADyk9LbhwEBPXwZi4hJDQcY57FEibURanDI/YAX37tGsZNqS98ky1mtEpAb0JKW3skCaivISwOs3W8U w7K/Y377H2VHcb0d83XkNiJS6J/Us3yfyvTtUi0cOhrkFQTbFmVHXMuGS6K+rm9peqJDnExCncpXhCmGnlpM+21qS6dtVbT8ffdKZi1Z6Z3 Azv6pY0YPfnOKdBfa/sOmX3bL9UOTKjzmML29ileR6gghNUUSPvKzziCc/WqXVt3Vp3n6lWzmg28W1ZDx/wcZGw</latexit>
The time fulfilling the target

f(t)
<latexit sha1_base64="ady6UR9ltclXTzxVr8CuxgGpmYk=">AAACx3icjVHLSsNAFD2Nr1 pfVZdugkWom5KIoMuiG91VsA+oRZLptA1NkzCZFEtx4Q+41T8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8Jg1Q6zmvOWlhcWl7JrxbW1jc2t4rbO400zgTjdRaHsWj5XsrDIOJ1GciQtxLBvZEf8qY/PF fx5piLNIijazlJeGfk9aOgFzBPKqpXloe3xZJTcfSy54FrQAlm1eLiC27QRQyGDCNwRJCEQ3hI6WnDhYOEuA6mxAlCgY5z3KNA2oyyOGV4xA7p26dd27AR7ZVnqtWMTgnpFaS0cUCamPIEYXWar eOZdlbsb95T7anuNqG/b7xGxEoMiP1LN8v8r07VItHDqa4hoJoSzajqmHHJdFfUze0vVUlySIhTuEtxQZhp5azPttakunbVW0/H33SmYtWemdwM7+qWNGD35zjnQeOo4joV9+q4VD0zo85jD/so0 zxPUMUFaqiT9wCPeMKzdWnF1ti6+0y1ckazi2/LevgAh5aQTg==</latexit><latexit sha1_base64="ady6UR9ltclXTzxVr8CuxgGpmYk=">AAACx3icjVHLSsNAFD2Nr1 pfVZdugkWom5KIoMuiG91VsA+oRZLptA1NkzCZFEtx4Q+41T8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8Jg1Q6zmvOWlhcWl7JrxbW1jc2t4rbO400zgTjdRaHsWj5XsrDIOJ1GciQtxLBvZEf8qY/PF fx5piLNIijazlJeGfk9aOgFzBPKqpXloe3xZJTcfSy54FrQAlm1eLiC27QRQyGDCNwRJCEQ3hI6WnDhYOEuA6mxAlCgY5z3KNA2oyyOGV4xA7p26dd27AR7ZVnqtWMTgnpFaS0cUCamPIEYXWar eOZdlbsb95T7anuNqG/b7xGxEoMiP1LN8v8r07VItHDqa4hoJoSzajqmHHJdFfUze0vVUlySIhTuEtxQZhp5azPttakunbVW0/H33SmYtWemdwM7+qWNGD35zjnQeOo4joV9+q4VD0zo85jD/so0 zxPUMUFaqiT9wCPeMKzdWnF1ti6+0y1ckazi2/LevgAh5aQTg==</latexit><latexit sha1_base64="ady6UR9ltclXTzxVr8CuxgGpmYk=">AAACx3icjVHLSsNAFD2Nr1 pfVZdugkWom5KIoMuiG91VsA+oRZLptA1NkzCZFEtx4Q+41T8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8Jg1Q6zmvOWlhcWl7JrxbW1jc2t4rbO400zgTjdRaHsWj5XsrDIOJ1GciQtxLBvZEf8qY/PF fx5piLNIijazlJeGfk9aOgFzBPKqpXloe3xZJTcfSy54FrQAlm1eLiC27QRQyGDCNwRJCEQ3hI6WnDhYOEuA6mxAlCgY5z3KNA2oyyOGV4xA7p26dd27AR7ZVnqtWMTgnpFaS0cUCamPIEYXWar eOZdlbsb95T7anuNqG/b7xGxEoMiP1LN8v8r07VItHDqa4hoJoSzajqmHHJdFfUze0vVUlySIhTuEtxQZhp5azPttakunbVW0/H33SmYtWemdwM7+qWNGD35zjnQeOo4joV9+q4VD0zo85jD/so0 zxPUMUFaqiT9wCPeMKzdWnF1ti6+0y1ckazi2/LevgAh5aQTg==</latexit><latexit sha1_base64="ady6UR9ltclXTzxVr8CuxgGpmYk=">AAACx3icjVHLSsNAFD2Nr1 pfVZdugkWom5KIoMuiG91VsA+oRZLptA1NkzCZFEtx4Q+41T8T/0D/wjvjFNQiOiHJmXPvOTP3Xj8Jg1Q6zmvOWlhcWl7JrxbW1jc2t4rbO400zgTjdRaHsWj5XsrDIOJ1GciQtxLBvZEf8qY/PF fx5piLNIijazlJeGfk9aOgFzBPKqpXloe3xZJTcfSy54FrQAlm1eLiC27QRQyGDCNwRJCEQ3hI6WnDhYOEuA6mxAlCgY5z3KNA2oyyOGV4xA7p26dd27AR7ZVnqtWMTgnpFaS0cUCamPIEYXWar eOZdlbsb95T7anuNqG/b7xGxEoMiP1LN8v8r07VItHDqa4hoJoSzajqmHHJdFfUze0vVUlySIhTuEtxQZhp5azPttakunbVW0/H33SmYtWemdwM7+qWNGD35zjnQeOo4joV9+q4VD0zo85jD/so0 zxPUMUFaqiT9wCPeMKzdWnF1ti6+0y1ckazi2/LevgAh5aQTg==</latexit>
f(t) = 1  cos⇥
<latexit sha1_base64="6KX1NaKdIl7bdbACoveWAwfz6hs=">AAAC1nicjVHLSsNAFD2Nr1pfqS7dBItQF5ZEBN0IRTc uK/QFbSnJdNoG0yQkE6UU3Ylbf8CtfpL4B/oX3hlTUIvohCRnzr3nzNx7ndBzY2Garxltbn5hcSm7nFtZXVvf0POb9ThIIsZrLPCCqOnYMfdcn9eEKzzeDCNujxyPN5zLMxlvXPEodgO/KsYh74zsge/2XWYLorp6vl8UeyfWfpsFcbs65MLu6gWzZKp lzAIrBQWkqxLoL2ijhwAMCUbg8CEIe7AR09OCBRMhcR1MiIsIuSrOcYMcaRPK4pRhE3tJ3wHtWinr0156xkrN6BSP3oiUBnZJE1BeRFieZqh4opwl+5v3RHnKu43p76ReI2IFhsT+pZtm/lcnaxHo41jV4FJNoWJkdSx1SVRX5M2NL1UJcgiJk7hH8Ygw U8ppnw2liVXtsre2ir+pTMnKPUtzE7zLW9KArZ/jnAX1g5JllqyLw0L5NB11FtvYQZHmeYQyzlFBjbyv8YgnPGtN7Va70+4/U7VMqtnCt6U9fAD/Y5WP</latexit><latexit sha1_base64="6KX1NaKdIl7bdbACoveWAwfz6hs=">AAAC1nicjVHLSsNAFD2Nr1pfqS7dBItQF5ZEBN0IRTc uK/QFbSnJdNoG0yQkE6UU3Ylbf8CtfpL4B/oX3hlTUIvohCRnzr3nzNx7ndBzY2Garxltbn5hcSm7nFtZXVvf0POb9ThIIsZrLPCCqOnYMfdcn9eEKzzeDCNujxyPN5zLMxlvXPEodgO/KsYh74zsge/2XWYLorp6vl8UeyfWfpsFcbs65MLu6gWzZKp lzAIrBQWkqxLoL2ijhwAMCUbg8CEIe7AR09OCBRMhcR1MiIsIuSrOcYMcaRPK4pRhE3tJ3wHtWinr0156xkrN6BSP3oiUBnZJE1BeRFieZqh4opwl+5v3RHnKu43p76ReI2IFhsT+pZtm/lcnaxHo41jV4FJNoWJkdSx1SVRX5M2NL1UJcgiJk7hH8Ygw U8ppnw2liVXtsre2ir+pTMnKPUtzE7zLW9KArZ/jnAX1g5JllqyLw0L5NB11FtvYQZHmeYQyzlFBjbyv8YgnPGtN7Va70+4/U7VMqtnCt6U9fAD/Y5WP</latexit><latexit sha1_base64="6KX1NaKdIl7bdbACoveWAwfz6hs=">AAAC1nicjVHLSsNAFD2Nr1pfqS7dBItQF5ZEBN0IRTc uK/QFbSnJdNoG0yQkE6UU3Ylbf8CtfpL4B/oX3hlTUIvohCRnzr3nzNx7ndBzY2Garxltbn5hcSm7nFtZXVvf0POb9ThIIsZrLPCCqOnYMfdcn9eEKzzeDCNujxyPN5zLMxlvXPEodgO/KsYh74zsge/2XWYLorp6vl8UeyfWfpsFcbs65MLu6gWzZKp lzAIrBQWkqxLoL2ijhwAMCUbg8CEIe7AR09OCBRMhcR1MiIsIuSrOcYMcaRPK4pRhE3tJ3wHtWinr0156xkrN6BSP3oiUBnZJE1BeRFieZqh4opwl+5v3RHnKu43p76ReI2IFhsT+pZtm/lcnaxHo41jV4FJNoWJkdSx1SVRX5M2NL1UJcgiJk7hH8Ygw U8ppnw2liVXtsre2ir+pTMnKPUtzE7zLW9KArZ/jnAX1g5JllqyLw0L5NB11FtvYQZHmeYQyzlFBjbyv8YgnPGtN7Va70+4/U7VMqtnCt6U9fAD/Y5WP</latexit><latexit sha1_base64="6KX1NaKdIl7bdbACoveWAwfz6hs=">AAAC1nicjVHLSsNAFD2Nr1pfqS7dBItQF5ZEBN0IRTc uK/QFbSnJdNoG0yQkE6UU3Ylbf8CtfpL4B/oX3hlTUIvohCRnzr3nzNx7ndBzY2Garxltbn5hcSm7nFtZXVvf0POb9ThIIsZrLPCCqOnYMfdcn9eEKzzeDCNujxyPN5zLMxlvXPEodgO/KsYh74zsge/2XWYLorp6vl8UeyfWfpsFcbs65MLu6gWzZKp lzAIrBQWkqxLoL2ijhwAMCUbg8CEIe7AR09OCBRMhcR1MiIsIuSrOcYMcaRPK4pRhE3tJ3wHtWinr0156xkrN6BSP3oiUBnZJE1BeRFieZqh4opwl+5v3RHnKu43p76ReI2IFhsT+pZtm/lcnaxHo41jV4FJNoWJkdSx1SVRX5M2NL1UJcgiJk7hH8Ygw U8ppnw2liVXtsre2ir+pTMnKPUtzE7zLW9KArZ/jnAX1g5JllqyLw0L5NB11FtvYQZHmeYQyzlFBjbyv8YgnPGtN7Va70+4/U7VMqtnCt6U9fAD/Y5WP</latexit>
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The time fulfilling the target

Figure 8. (Color online) Schematic of f(t) as a function of
t. The red line represents the value 1− cos Θ. The crossover
points between two lines are the times at which the states
reach the target angle.
immediately obtain ∂f∂t
∣∣
t=τ
≥ 0. The same result can be
obtained for any time t ≤ τ , indicating that f(t) is a
monotonic increasing function in the regime [0, τ ].
(2) Next we compare the values of f(τ) and 1− cos Θ.
Due to the equation 1−cos [(En − Ei) τ ] ≤ 1−cos Θ, one
can have
N−1∑
n=1
n−1∑
i=0
(1− cos [(En − Ei) τ ])
r2n2+2i−1 + rn2+2i
|~r|2
≤ (1− cos Θ)
N−1∑
n=1
n−1∑
i=0
r2n2+2i−1 + rn2+2i
|~r|2
≤ (1− cos Θ), (B5)
which leads to
f(τ) ≤ 1− cos Θ. (B6)
In the case that the first crossover point between f(t)
and 1− cos Θ is in the first monotonic increasing regime,
as shown in Fig. 8(a), t ≥ τ because f(τ) ≤ 1− cos Θ. In
the case that the first crossover point is not in the first
monotonic increasing regime, as shown in Fig. 8(b), t is
also always larger than τ since τ is always in the first
monotonic regime. The result t ≥ τ is then proved. 
The set S is worth studying. Denote S(km) as a subset
of S in which all states satisfy r2n2+2i−1 + r2n2+2i 6= 0
for n = k and i = m and r2n2+2i−1 + r
2
n2+2i = 0 for
all the other subscripts. For the set S(km), the solution
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of τ satisfying Eq. (B1) is t = ΘEk−Em . Next, consider
another set S(km,lh) ⊂ S(km) ⊂ S, in which all states
satisfy r2n2+2i−1 + r
2
n2+2i 6= 0 for both n = k, i = m and
n = l, i = h and zero for all other subscripts. It is obvious
that S(km,lh) ⊂ S(lh). Utilizing the same strategy as
we used above, it can be proved that the time given by
S(km,lh) is larger than min{ ΘEk−Em , ΘEl−Eh }. In this way,
one can conclude that the time given by S(km,lh,··· ) is
bounded by min{ ΘEk−Em , ΘEl−Eh , · · · }.
The states that can attain τ need to satisfy r2N2−2N +
r2N2−2N+1 6= 0, which is
N−1∑
i=0
1
N
|Ei〉〈Ei|+ ξ|E0〉〈Emax|+ ξ∗|Emax〉〈E0|, (B7)
where ξ =
√
N−1
2N (rN2−2N − irN2−2N+1). The specific
matrix formula in the energy basis {|Em〉} is
1
N 0 · · · 0 ξ
0 1N 0 · · · 0
... 0
. . . 0
...
0 · · · 0 1N 0
ξ∗ 0 · · · 0 1N
 . (B8)
To be a positive semi-definite matrix, ξ should satisfy
|ξ| ∈ (0, 1/N ].
2. Proof from the optimization of τB
The target angle for the QSL is defined in various ways.
With respect to the Bloch vector, an elegant theoretical
tool was provided by Campaioli et al. [14], which is a
state-dependent bound with the expression
τB =
Θ
Q
, (B9)
where
Q =
1
t
ˆ t
0
dt′
√
2Tr(ρ2t′H
2 − ρt′Hρt′H)
Tr(ρ2t′)− 1/N
. (B10)
In the energy eigenspace {|Em〉}, one can see that
Tr(ρ2t′H
2)
=
1
N2
∑
n
E2n +
N − 1
2N
∑
ijn
ri(t
′)rj(t′)E2n〈En|λiλj |En〉
+
2
N2
√
N(N − 1)
2
∑
in
ri(t
′)E2n〈En|λi|En〉. (B11)
Inserting 1 =
∑
m |Em〉〈Em| in the equation above, we
obtain
Tr(ρ2t′H
2)
=
1
N2
∑
n
E2n +
2
N2
√
N(N − 1)
2
∑
in
ri(t
′)E2n〈En|λi|En〉
+
N − 1
2N
∑
ijmn
ri(t
′)rj(t′)E2n〈En|λi|Em〉〈Em|λj |En〉.
Next, since
Tr(ρt′Hρt′H)
=
1
N2
∑
n
E2n +
2
N
√
N(N − 1)
2N
∑
i,n
ri(t
′)E2n〈En|λi|En〉
+
N − 1
2N
∑
ijmn
ri(t
′)rj(t′)EnEm〈En|λi|Em〉〈Em|λj |En〉,
one can have
2N
N − 1Tr(ρ
2
t′H
2 − ρt′Hρt′H)
=
∑
ijnm
ri(t
′)rj(t′)En(En − Em)〈En|λi|Em〉〈Em|λj |En〉
=
1
2
∑
ijnm
ri(t
′)rj(t′)(En − Em)2〈En|λi|Em〉〈Em|λj |En〉
=
1
2
∑
ijnm
ri(t
′)rj(t′)(En−Em)2Re(〈En|λi|Em〉〈Em|λj |En〉).
In the meantime, Tr(ρ2)− 1N = N−1N |~r|2. Q can then be
finally obtained as
Q =
1
t
ˆ t
0
dt′
√√√√∑
ijnm
ri(t′)rj(t′)
2|~r|2 (En − Em)
2
×
√
Re(〈En|λi|Em〉〈Em|λj |En〉). (B12)
For three-level systems, we chose Gell-Mann matrices as
the su(3) generators. The non-zero terms in the summa-
tion in above equation are those with i = j. Through
some algebra, the term in the square root can be ex-
pressed by
1
|~r|2
{
[r20(t
′) + r21(t
′)](E1 − E0)2 + [r23(t′) + r24(t′)]
×(E2 − E0)2 + [r25(t′) + r26(t′)](E2 − E1)2
}
. (B13)
The maximum Q can then be obtained when r23(t′) +
r24(t
′) = |~r|2, which gives Qmax = E2−E0, and τB reduces
to τ .
Appendix C: One-dimensional transverse Ising
model
Explicit expressions can be derived in the continuum
by replacing the discrete sum over the set of quasimo-
menta by an integral, i.e.,
∑
k → M2pi
´
dk. The ground
13
-plane 
projection
(a)
(b) (c)
↵
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|~r| sin↵
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Dynamical trajectory
Set of target states 
Critical case ↵ =
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<latexit sha1_base64="Vawmkkh/1+QZ0FTcCB/ubDd3szQ=">AAACxXicj VHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0ocsq9gG1SDKd1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZx JxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTl3fimXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJc ZKQMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejj2NQgqKbEMLo6lrtkpiv 65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvJR13EDnaxT/M8Qg3nqKNB3n084gnP1pkVWsoafaZahVyzj W/LevgAsMOQAA==</latexit><latexit sha1_base64="Vawmkkh/1+QZ0FTcCB/ubDd3szQ=">AAACxXicj VHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0ocsq9gG1SDKd1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZx JxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTl3fimXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJc ZKQMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejj2NQgqKbEMLo6lrtkpiv 65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvJR13EDnaxT/M8Qg3nqKNB3n084gnP1pkVWsoafaZahVyzj W/LevgAsMOQAA==</latexit><latexit sha1_base64="Vawmkkh/1+QZ0FTcCB/ubDd3szQ=">AAACxXicj VHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0ocsq9gG1SDKd1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZx JxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTl3fimXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJc ZKQMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejj2NQgqKbEMLo6lrtkpiv 65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvJR13EDnaxT/M8Qg3nqKNB3n084gnP1pkVWsoafaZahVyzj W/LevgAsMOQAA==</latexit><latexit sha1_base64="Vawmkkh/1+QZ0FTcCB/ubDd3szQ=">AAACxXicj VHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0ocsq9gG1SDKd1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZx JxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTl3fimXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJc ZKQMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejj2NQgqKbEMLo6lrtkpiv 65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvJR13EDnaxT/M8Qg3nqKNB3n084gnP1pkVWsoafaZahVyzj W/LevgAsMOQAA==</latexit>
|~r| sin↵
<latexit sha1_base64="j6VNvXXi8XdhbYkC+CZvpRxozN4=">AAAC2HicjVHLSsNA FD2Nr1pfVZdugkVwVRIRdCm6cVnB2mJbymSc6tA0CZOJUKrgTtz6A271i8Q/0L/wzpiCD0QnJDlz7j1n5t4bJKFMtee9FJyJyanpmeJsaW5+YXGpvLxyksaZ4qLO4zBWzYClIp SRqGupQ9FMlGCDIBSNoH9g4o1LoVIZR8d6mIjOgJ1Hsic500R1y6tX7UvBR+r6qp3KqM3C5IJ1yxWv6tnl/gR+DirIVy0uP6ONM8TgyDCAQARNOARDSk8LPjwkxHUwIk4RkjYu cI0SaTPKEpTBiO3T95x2rZyNaG88U6vmdEpIryKliw3SxJSnCJvTXBvPrLNhf/MeWU9ztyH9g9xrQKzGBbF/6caZ/9WZWjR62LU1SKopsYypjucume2Kubn7qSpNDglxBp9RXBH mVjnus2s1qa3d9JbZ+KvNNKzZ8zw3w5u5JQ3Y/z7On+Bkq+p7Vf9ou7K3n4+6iDWsY5PmuYM9HKKGOnkP8YBHPDmnzo1z69x9pDqFXLOKL8u5fwfd2Jfu</latexit><latexit sha1_base64="j6VNvXXi8XdhbYkC+CZvpRxozN4=">AAAC2HicjVHLSsNA FD2Nr1pfVZdugkVwVRIRdCm6cVnB2mJbymSc6tA0CZOJUKrgTtz6A271i8Q/0L/wzpiCD0QnJDlz7j1n5t4bJKFMtee9FJyJyanpmeJsaW5+YXGpvLxyksaZ4qLO4zBWzYClIp SRqGupQ9FMlGCDIBSNoH9g4o1LoVIZR8d6mIjOgJ1Hsic500R1y6tX7UvBR+r6qp3KqM3C5IJ1yxWv6tnl/gR+DirIVy0uP6ONM8TgyDCAQARNOARDSk8LPjwkxHUwIk4RkjYu cI0SaTPKEpTBiO3T95x2rZyNaG88U6vmdEpIryKliw3SxJSnCJvTXBvPrLNhf/MeWU9ztyH9g9xrQKzGBbF/6caZ/9WZWjR62LU1SKopsYypjucume2Kubn7qSpNDglxBp9RXBH mVjnus2s1qa3d9JbZ+KvNNKzZ8zw3w5u5JQ3Y/z7On+Bkq+p7Vf9ou7K3n4+6iDWsY5PmuYM9HKKGOnkP8YBHPDmnzo1z69x9pDqFXLOKL8u5fwfd2Jfu</latexit><latexit sha1_base64="j6VNvXXi8XdhbYkC+CZvpRxozN4=">AAAC2HicjVHLSsNA FD2Nr1pfVZdugkVwVRIRdCm6cVnB2mJbymSc6tA0CZOJUKrgTtz6A271i8Q/0L/wzpiCD0QnJDlz7j1n5t4bJKFMtee9FJyJyanpmeJsaW5+YXGpvLxyksaZ4qLO4zBWzYClIp SRqGupQ9FMlGCDIBSNoH9g4o1LoVIZR8d6mIjOgJ1Hsic500R1y6tX7UvBR+r6qp3KqM3C5IJ1yxWv6tnl/gR+DirIVy0uP6ONM8TgyDCAQARNOARDSk8LPjwkxHUwIk4RkjYu cI0SaTPKEpTBiO3T95x2rZyNaG88U6vmdEpIryKliw3SxJSnCJvTXBvPrLNhf/MeWU9ztyH9g9xrQKzGBbF/6caZ/9WZWjR62LU1SKopsYypjucume2Kubn7qSpNDglxBp9RXBH mVjnus2s1qa3d9JbZ+KvNNKzZ8zw3w5u5JQ3Y/z7On+Bkq+p7Vf9ou7K3n4+6iDWsY5PmuYM9HKKGOnkP8YBHPDmnzo1z69x9pDqFXLOKL8u5fwfd2Jfu</latexit><latexit sha1_base64="j6VNvXXi8XdhbYkC+CZvpRxozN4=">AAAC2HicjVHLSsNA FD2Nr1pfVZdugkVwVRIRdCm6cVnB2mJbymSc6tA0CZOJUKrgTtz6A271i8Q/0L/wzpiCD0QnJDlz7j1n5t4bJKFMtee9FJyJyanpmeJsaW5+YXGpvLxyksaZ4qLO4zBWzYClIp SRqGupQ9FMlGCDIBSNoH9g4o1LoVIZR8d6mIjOgJ1Hsic500R1y6tX7UvBR+r6qp3KqM3C5IJ1yxWv6tnl/gR+DirIVy0uP6ONM8TgyDCAQARNOARDSk8LPjwkxHUwIk4RkjYu cI0SaTPKEpTBiO3T95x2rZyNaG88U6vmdEpIryKliw3SxJSnCJvTXBvPrLNhf/MeWU9ztyH9g9xrQKzGBbF/6caZ/9WZWjR62LU1SKopsYypjucume2Kubn7qSpNDglxBp9RXBH mVjnus2s1qa3d9JbZ+KvNNKzZ8zw3w5u5JQ3Y/z7On+Bkq+p7Vf9ou7K3n4+6iDWsY5PmuYM9HKKGOnkP8YBHPDmnzo1z69x9pDqFXLOKL8u5fwfd2Jfu</latexit>
E
<latexit sha1_base64="JMwEcmIhVRHKzUhGXdD0IFc8+tA=">AAACznicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IILivYB9Q ik+m0Dc2LyaRQSnHrD7jVzxL/QP/CO2MKahGdkOTMuefcmXuvlwR+qhzntWAtLC4trxRX19Y3Nre2Szu7jTTOJBd1HgexbHksFYEfibryVSBaiRQs9ALR9IYXOt4cCZn6cXSjxonohKwf+T2fM0VU+zZkasBZMLmc3pXKTsUxy54Hbg7KyFctLr3gFl3E4MgQQiC CIhyAIaWnDRcOEuI6mBAnCfkmLjDFGnkzUglSMGKH9O3Trp2zEe11ztS4OZ0S0CvJaeOQPDHpJGF9mm3imcms2d9yT0xOfbcx/b08V0iswoDYv3wz5X99uhaFHs5MDT7VlBhGV8fzLJnpir65/aUqRRkS4jTuUlwS5sY567NtPKmpXfeWmfibUWpW73muzfCub0k Ddn+Ocx40jiuuU3GvT8rV83zURezjAEc0z1NUcYUa6qbjj3jCs1WzRtbUuv+UWoXcs4dvy3r4AG++k9w=</latexit><latexit sha1_base64="JMwEcmIhVRHKzUhGXdD0IFc8+tA=">AAACznicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IILivYB9Q ik+m0Dc2LyaRQSnHrD7jVzxL/QP/CO2MKahGdkOTMuefcmXuvlwR+qhzntWAtLC4trxRX19Y3Nre2Szu7jTTOJBd1HgexbHksFYEfibryVSBaiRQs9ALR9IYXOt4cCZn6cXSjxonohKwf+T2fM0VU+zZkasBZMLmc3pXKTsUxy54Hbg7KyFctLr3gFl3E4MgQQiC CIhyAIaWnDRcOEuI6mBAnCfkmLjDFGnkzUglSMGKH9O3Trp2zEe11ztS4OZ0S0CvJaeOQPDHpJGF9mm3imcms2d9yT0xOfbcx/b08V0iswoDYv3wz5X99uhaFHs5MDT7VlBhGV8fzLJnpir65/aUqRRkS4jTuUlwS5sY567NtPKmpXfeWmfibUWpW73muzfCub0k Ddn+Ocx40jiuuU3GvT8rV83zURezjAEc0z1NUcYUa6qbjj3jCs1WzRtbUuv+UWoXcs4dvy3r4AG++k9w=</latexit><latexit sha1_base64="JMwEcmIhVRHKzUhGXdD0IFc8+tA=">AAACznicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IILivYB9Q ik+m0Dc2LyaRQSnHrD7jVzxL/QP/CO2MKahGdkOTMuefcmXuvlwR+qhzntWAtLC4trxRX19Y3Nre2Szu7jTTOJBd1HgexbHksFYEfibryVSBaiRQs9ALR9IYXOt4cCZn6cXSjxonohKwf+T2fM0VU+zZkasBZMLmc3pXKTsUxy54Hbg7KyFctLr3gFl3E4MgQQiC CIhyAIaWnDRcOEuI6mBAnCfkmLjDFGnkzUglSMGKH9O3Trp2zEe11ztS4OZ0S0CvJaeOQPDHpJGF9mm3imcms2d9yT0xOfbcx/b08V0iswoDYv3wz5X99uhaFHs5MDT7VlBhGV8fzLJnpir65/aUqRRkS4jTuUlwS5sY567NtPKmpXfeWmfibUWpW73muzfCub0k Ddn+Ocx40jiuuU3GvT8rV83zURezjAEc0z1NUcYUa6qbjj3jCs1WzRtbUuv+UWoXcs4dvy3r4AG++k9w=</latexit><latexit sha1_base64="JMwEcmIhVRHKzUhGXdD0IFc8+tA=">AAACznicjVHLSsNAFD2Nr/quunQTLIKrkoigy6IILivYB9Q ik+m0Dc2LyaRQSnHrD7jVzxL/QP/CO2MKahGdkOTMuefcmXuvlwR+qhzntWAtLC4trxRX19Y3Nre2Szu7jTTOJBd1HgexbHksFYEfibryVSBaiRQs9ALR9IYXOt4cCZn6cXSjxonohKwf+T2fM0VU+zZkasBZMLmc3pXKTsUxy54Hbg7KyFctLr3gFl3E4MgQQiC CIhyAIaWnDRcOEuI6mBAnCfkmLjDFGnkzUglSMGKH9O3Trp2zEe11ztS4OZ0S0CvJaeOQPDHpJGF9mm3imcms2d9yT0xOfbcx/b08V0iswoDYv3wz5X99uhaFHs5MDT7VlBhGV8fzLJnpir65/aUqRRkS4jTuUlwS5sY567NtPKmpXfeWmfibUWpW73muzfCub0k Ddn+Ocx40jiuuU3GvT8rV83zURezjAEc0z1NUcYUa6qbjj3jCs1WzRtbUuv+UWoXcs4dvy3r4AG++k9w=</latexit>
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<latexit sha1_base64="9bJr2Vm48Ym0VoksP5S3pHy41P0=">AAACznicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047JCX1BFJtNpG5oXyaRQSnHrD7jVz xL/QP/CO+MU1CI6IcmZc8+5M/deLwn8TDrOa8FaWl5ZXSuulzY2t7Z3yrt7rSzOUy6aPA7itOOxTAR+JJrSl4HoJKlgoReItje6VPH2WKSZH0cNOUnEbcgGkd/3OZNEdW9CJoecBdPG7K5ccaqOXvYicA2owKx6XH7BDXqIwZEjhEAESTgAQ0ZPFy4cJMTdYkpcSsjXcYEZSuTNSSVIwYgd0XdAu65hI9qrnJl2czoloDclp4 0j8sSkSwmr02wdz3Vmxf6We6pzqrtN6O+ZXCGxEkNi//LNlf/1qVok+jjXNfhUU6IZVR03WXLdFXVz+0tVkjIkxCnco3hKmGvnvM+29mS6dtVbpuNvWqlYtedGm+Nd3ZIG7P4c5yJonVRdp+pen1ZqF2bURRzgEMc0zzPUcIU6mrrjj3jCs1W3xtbMuv+UWgXj2ce3ZT18AJNtk+s=</latexit><latexit sha1_base64="9bJr2Vm48Ym0VoksP5S3pHy41P0=">AAACznicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047JCX1BFJtNpG5oXyaRQSnHrD7jVz xL/QP/CO+MU1CI6IcmZc8+5M/deLwn8TDrOa8FaWl5ZXSuulzY2t7Z3yrt7rSzOUy6aPA7itOOxTAR+JJrSl4HoJKlgoReItje6VPH2WKSZH0cNOUnEbcgGkd/3OZNEdW9CJoecBdPG7K5ccaqOXvYicA2owKx6XH7BDXqIwZEjhEAESTgAQ0ZPFy4cJMTdYkpcSsjXcYEZSuTNSSVIwYgd0XdAu65hI9qrnJl2czoloDclp4 0j8sSkSwmr02wdz3Vmxf6We6pzqrtN6O+ZXCGxEkNi//LNlf/1qVok+jjXNfhUU6IZVR03WXLdFXVz+0tVkjIkxCnco3hKmGvnvM+29mS6dtVbpuNvWqlYtedGm+Nd3ZIG7P4c5yJonVRdp+pen1ZqF2bURRzgEMc0zzPUcIU6mrrjj3jCs1W3xtbMuv+UWgXj2ce3ZT18AJNtk+s=</latexit><latexit sha1_base64="9bJr2Vm48Ym0VoksP5S3pHy41P0=">AAACznicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047JCX1BFJtNpG5oXyaRQSnHrD7jVz xL/QP/CO+MU1CI6IcmZc8+5M/deLwn8TDrOa8FaWl5ZXSuulzY2t7Z3yrt7rSzOUy6aPA7itOOxTAR+JJrSl4HoJKlgoReItje6VPH2WKSZH0cNOUnEbcgGkd/3OZNEdW9CJoecBdPG7K5ccaqOXvYicA2owKx6XH7BDXqIwZEjhEAESTgAQ0ZPFy4cJMTdYkpcSsjXcYEZSuTNSSVIwYgd0XdAu65hI9qrnJl2czoloDclp4 0j8sSkSwmr02wdz3Vmxf6We6pzqrtN6O+ZXCGxEkNi//LNlf/1qVok+jjXNfhUU6IZVR03WXLdFXVz+0tVkjIkxCnco3hKmGvnvM+29mS6dtVbpuNvWqlYtedGm+Nd3ZIG7P4c5yJonVRdp+pen1ZqF2bURRzgEMc0zzPUcIU6mrrjj3jCs1W3xtbMuv+UWgXj2ce3ZT18AJNtk+s=</latexit><latexit sha1_base64="9bJr2Vm48Ym0VoksP5S3pHy41P0=">AAACznicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl047JCX1BFJtNpG5oXyaRQSnHrD7jVz xL/QP/CO+MU1CI6IcmZc8+5M/deLwn8TDrOa8FaWl5ZXSuulzY2t7Z3yrt7rSzOUy6aPA7itOOxTAR+JJrSl4HoJKlgoReItje6VPH2WKSZH0cNOUnEbcgGkd/3OZNEdW9CJoecBdPG7K5ccaqOXvYicA2owKx6XH7BDXqIwZEjhEAESTgAQ0ZPFy4cJMTdYkpcSsjXcYEZSuTNSSVIwYgd0XdAu65hI9qrnJl2czoloDclp4 0j8sSkSwmr02wdz3Vmxf6We6pzqrtN6O+ZXCGxEkNi//LNlf/1qVok+jjXNfhUU6IZVR03WXLdFXVz+0tVkjIkxCnco3hKmGvnvM+29mS6dtVbpuNvWqlYtedGm+Nd3ZIG7P4c5yJonVRdp+pen1ZqF2bURRzgEMc0zzPUcIU6mrrjj3jCs1W3xtbMuv+UWgXj2ce3ZT18AJNtk+s=</latexit>
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<latexit sha1_base64="tcRQ/RyhVDWOo469p+1KDFJgiQg=">AAAC1XicjVHLSsNAFD2Nr/qOunQTLIKrkoigy6 IblxXsA2wpk+m0hqZJmEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/WTMEiV674WrIXFpeWV4ura+sbm1ra9s1tP40xyUeNxGMumz1IRBpGoqUCFoplIwYZ+KBr+4ELHGyMh0yCOrtU4Ee0h60dBL+BMEdWx7VZPMj7xppPjacsX inXsklt2zXLmgZeDEvJVje0XtNBFDI4MQwhEUIRDMKT03MCDi4S4NibESUKBiQtMsUbajLIEZTBiB/Tt0+4mZyPaa8/UqDmdEtIrSengkDQx5UnC+jTHxDPjrNnfvCfGU99tTH8/9xoSq3BL7F+6WeZ/dboWhR7OTA0B1ZQYRlfHc5fMdE Xf3PlSlSKHhDiNuxSXhLlRzvrsGE1qate9ZSb+ZjI1q/c8z83wrm9JA/Z+jnMe1I/Lnlv2rk5KlfN81EXs4wBHNM9TVHCJKmrkPcIjnvBsNaypdWfdf6ZahVyzh2/LevgAJpGWDw==</latexit><latexit sha1_base64="tcRQ/RyhVDWOo469p+1KDFJgiQg=">AAAC1XicjVHLSsNAFD2Nr/qOunQTLIKrkoigy6 IblxXsA2wpk+m0hqZJmEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/WTMEiV674WrIXFpeWV4ura+sbm1ra9s1tP40xyUeNxGMumz1IRBpGoqUCFoplIwYZ+KBr+4ELHGyMh0yCOrtU4Ee0h60dBL+BMEdWx7VZPMj7xppPjacsX inXsklt2zXLmgZeDEvJVje0XtNBFDI4MQwhEUIRDMKT03MCDi4S4NibESUKBiQtMsUbajLIEZTBiB/Tt0+4mZyPaa8/UqDmdEtIrSengkDQx5UnC+jTHxDPjrNnfvCfGU99tTH8/9xoSq3BL7F+6WeZ/dboWhR7OTA0B1ZQYRlfHc5fMdE Xf3PlSlSKHhDiNuxSXhLlRzvrsGE1qate9ZSb+ZjI1q/c8z83wrm9JA/Z+jnMe1I/Lnlv2rk5KlfN81EXs4wBHNM9TVHCJKmrkPcIjnvBsNaypdWfdf6ZahVyzh2/LevgAJpGWDw==</latexit><latexit sha1_base64="tcRQ/RyhVDWOo469p+1KDFJgiQg=">AAAC1XicjVHLSsNAFD2Nr/qOunQTLIKrkoigy6 IblxXsA2wpk+m0hqZJmEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/WTMEiV674WrIXFpeWV4ura+sbm1ra9s1tP40xyUeNxGMumz1IRBpGoqUCFoplIwYZ+KBr+4ELHGyMh0yCOrtU4Ee0h60dBL+BMEdWx7VZPMj7xppPjacsX inXsklt2zXLmgZeDEvJVje0XtNBFDI4MQwhEUIRDMKT03MCDi4S4NibESUKBiQtMsUbajLIEZTBiB/Tt0+4mZyPaa8/UqDmdEtIrSengkDQx5UnC+jTHxDPjrNnfvCfGU99tTH8/9xoSq3BL7F+6WeZ/dboWhR7OTA0B1ZQYRlfHc5fMdE Xf3PlSlSKHhDiNuxSXhLlRzvrsGE1qate9ZSb+ZjI1q/c8z83wrm9JA/Z+jnMe1I/Lnlv2rk5KlfN81EXs4wBHNM9TVHCJKmrkPcIjnvBsNaypdWfdf6ZahVyzh2/LevgAJpGWDw==</latexit><latexit sha1_base64="tcRQ/RyhVDWOo469p+1KDFJgiQg=">AAAC1XicjVHLSsNAFD2Nr/qOunQTLIKrkoigy6 IblxXsA2wpk+m0hqZJmEwKpXQnbv0Bt/pL4h/oX3hnTEEtohOSnDn3njNz7/WTMEiV674WrIXFpeWV4ura+sbm1ra9s1tP40xyUeNxGMumz1IRBpGoqUCFoplIwYZ+KBr+4ELHGyMh0yCOrtU4Ee0h60dBL+BMEdWx7VZPMj7xppPjacsX inXsklt2zXLmgZeDEvJVje0XtNBFDI4MQwhEUIRDMKT03MCDi4S4NibESUKBiQtMsUbajLIEZTBiB/Tt0+4mZyPaa8/UqDmdEtIrSengkDQx5UnC+jTHxDPjrNnfvCfGU99tTH8/9xoSq3BL7F+6WeZ/dboWhR7OTA0B1ZQYRlfHc5fMdE Xf3PlSlSKHhDiNuxSXhLlRzvrsGE1qate9ZSb+ZjI1q/c8z83wrm9JA/Z+jnMe1I/Lnlv2rk5KlfN81EXs4wBHNM9TVHCJKmrkPcIjnvBsNaypdWfdf6ZahVyzh2/LevgAJpGWDw==</latexit>
Figure 9. (Color online) Schematic of three scenarios for the
calculation of the operational definition of the QSL in a qubit
system. (a) The case α ≤ Θ/2 (α is the angle between the
initial state and the z axis). When α < Θ/2, there exists no
target state fulfilling the angle Θ. When α = Θ/2, only one
target state exists. (b) The case α > Θ/2. For this case, two
target states exist. (c) is the projection of initial and target
states on xy plane.
state energy then reads
E0 =
M
2pi
ˆ
ωkdk
= −sgn(h+ 1)2M(h+ 1)
pi
E
(
4h
(h+ 1)2
)
, (C1)
where E(x) denotes the complete elliptic integral of the
second kind. Similarly, it is found that
δτ =
δhsgn(h+ 1)piΘ/J
8Mh(h+ 1)2E2
(
4h
(h+1)2
) ×
[
(h+ 1)E
(
4h
(h+ 1)2
)
+(h− 1)K
(
4h
(h+ 1)2
)]
,
where K(x) denotes the complete elliptic integral of the
first kind. Note that δτ ∝ M−1. In particular, in the
neighborhood of the critical point h = 1,
δτ ≈ piδhΘ/J
32M
[
5− 3h− (h− 1) log
(
h− 1
8
)]
.(C2)
Appendix D: The QSL in two-level systems
In this appendix we analyze two-level systems. The
Hamiltonian of a two-level system in the energy basis is
H = E0|E0〉〈E0|+E1|E1〉〈E1|, where E0, E1 are the ener-
gies and |E0〉, |E1〉 are corresponding eigenstates. Define
σz as σz := |E1〉〈E1|−|E0〉〈E0|, namely, the Pauli matrix
in basis {|E0〉, |E1〉}. With the Pauli matrix, the Hamil-
tonian can be rewritten as H = 12 (E0 + E1)1 +
1
2 (E1 −
E0)σz. The identity matrix 1 commutes with any opera-
tor, hence it has nothing to do with the evolution. Then
the Hamiltonian can be simplified into 12 (E1 − E0)σz.
In the Bloch representation, this means the evolution of
any state is the rotation of the corresponding Bloch vec-
tor about z axis. A general vector in the Bloch sphere
can be expressed by
~r(η, α, ϕ) = η(sinα cosϕ, sinα sinϕ, cosα), (D1)
where η ∈ [0, 1], α ∈ [0, pi] and ϕ ∈ [0, 2pi]. For an initial
state ~r(η0, α0, ϕ0), the evolved state is
~r(t) = η
(
sinα cosϕ cos(ωt)− sinα sinϕ sin(ωt),
sinα cosϕ sin(ωt) + sinα sinϕ cos(ωt), cosα
)
.
It can be seen in this equation that the period of the
dynamics is
T =
2pi
ω
=
2pi
E1 − E0 . (D2)
For two-level systems, utilizing Eq. (D1), the constrain
in S given in Proposition 3 reduces to
sin2
(
Θ
2
)
= sin2
(
ωt
2
)
sin2 α. (D3)
The states with α = 0 does not evolve in this case, hence
not in the set S. For α 6= 0, the condition for α to make
sure the equation above has solutions for t is
sin2
(
Θ
2
)
≤ sin2 α, (D4)
which is equivalent to
α ∈
[
Θ
2
, pi − Θ
2
]
. (D5)
Furthermore, the minimum time under constrain (D3) is
reached when α is maximum, i.e., α = pi/2, which leads
to
τ =
Θ
ω
=
Θ
E1 − E0 . (D6)
Corollary 3 is proved. 
To better understand the physics behind the QSL, we
analyze the two-level systems from a fully geometric per-
spective. For any specific initial state ~r(η, α, ϕ), the set
of all states on the evolution trajectory (denoted by E) is
E = {~r(η, α, ϕ)|ϕ ∈ [0, 2pi]} . (D7)
One may notice that the set of all target states for a
specific initial state (denoted by T ) here is a cone with
the initial state as the axis and Θ the central angle. For
any state ~r(η, α, ϕ), the condition of ~r ∈ S is that E and
T have intersections.
In the case that α = Θ/2, E = T = {~r(η, Θ2 , ϕ)|ϕ ∈
[0, 2pi]} for any specific η, as shown in the yellow cone in
14
Fig. 9(a). The coincidence between E and T means that
all the states with η 6= 0 in E are in the set S, i.e., S1 =
{~r(η, Θ2 , ϕ)|η ∈ (0, 1], ϕ ∈ [0, 2pi]} ∈ S. Furthermore, it is
easy to see that for any specific state in this case, only
one target state exists, i.e., the symmetrical state with
respect to the initial state about z-axis. It requires half
of the period to rotate the initial state to its symmetrical
state, thus, the evolution time in this scenario is
t =
pi
ω
=
pi
E1 − E0 . (D8)
Next, for the case that α < Θ/2, all states within E
(the blue cone in Fig. 9(a)) fail to reach the target Θ
since the largest angle between the initial state and the
evolved state is 2α, which is smaller than Θ. This means
any state satisfying α < Θ/2 is not in the set S.
For the case that 2α > Θ, E (the blue cone in Fig. 9(b))
for any value of η shares two vectors with T (the purple
cone in Fig. 9(b)), which means any state in this sce-
nario has two target states ~rtar1 and ~rtar2 on the evolu-
tion trajectory. Thus, S2 = {~r(η, α, ϕ)|η ∈ (0, 1], α >
Θ
2 , ϕ ∈ [0, 2pi]} ∈ S. Since the rotation is counter-
clockwise (looking against the z axis), the evolution time
to ~rtar1 is smaller than the one to ~rtar2. To calculate
this evolution time, the angle between the projections of
~r = ~r(η, α, ϕ) and ~rtar1 on xy plane (denoted as β) needs
to be known. From Fig. 9(c), it can be found that the
length of the projection of ~r is |~r| sinα, and the length
between these two projections is 2|~r| sin (Θ2 ). Thus, the
angle β = 2 arcsin
(
sin( Θ2 )
sinα
)
, which indicates that the
evolution time is
t =
2pi
E1 − E0
β
2pi
=
2
E1 − E0 arcsin
(
sin
(
Θ
2
)
sinα
)
. (D9)
The minimum value of this evolution time is ΘE1−E0 ,
which is attained at α = pi/2. Combing the result ob-
tained in the case of 2α = Θ, one can finally obtain
t ≥ ΘE1−E0 , and the set S = S1∪S2. The case with pi−α
can be analyzed in the same way.
Appendix E: The operational definition of the QSL
in the Landau-Zener model
The Hamiltonian of Landau-Zener model is
H = ∆σx + vtσz, (E1)
where σz = |1〉〈1| − |0〉〈0| with |{|0〉, |1〉} the compu-
tational basis. ∆ and v are two time-independent pa-
rameters. For the case that ∆ = 0, |0〉 and |1〉 are the
eigenstates of Hamiltonian. The evolution operator for
this Hamiltonian can then be calculated as
U = exp
(
− i
2
vt2σz
)
. (E2)
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Figure 10. (Color online) trajectories of center symmetric
states (red dots) for ∆ = 1.0 (left) and ∆ = 2.0 (right). The
center symmetric states have center symmetric trajectories,
which is the reason for S to be center symmetric.
In the following we will use the traditional notations
rx, ry, rz as the entries of Bloch vector instead of r0, r1, r2.
With above unitary operator, the evolved Bloch vector
can be calculated as below
rx (t) = cos
(
vt2
)
rx − sin
(
vt2
)
ry, (E3)
ry (t) = sin
(
vt2
)
rx + cos
(
vt2
)
ry, (E4)
rz (t) = rz. (E5)
The angle between the initial and evolved states is then
of the form
cos θ =
~r (t) · ~r
|~r|2 =
cos
(
vt2
)
(r2x + r
2
y) + r
2
z
|~r|2 , (E6)
where |~r| is the norm of ~r. For the target angle Θ, the
evolution time needs to satisfy the equation
sin2
(
vt2
2
)
=
|~r|2
|~r|2 − r2z
sin2
(
Θ
2
)
. (E7)
In the figure of sin2
(
vt2/2
)
as a function of t, due to
the fact that the first extremal value of sin2
(
vt2/2
)
is
1, which is also the global maximum value, the first
crossover point between it and the line |~r|
2
|~r|2−r2z sin
2
(
Θ
2
)
is
always in the first monotonic increasing regime, in which
a smaller value of |~r|
2
|~r|2−r2z sin
2
(
Θ
2
)
gives a smaller value of
t. Therefore, the minimum time τ satisfying the equation
above is attained when |~r|
2
|~r|2−r2z is minimum. Due to the
fact that |~r|
2
|~r|2−r2z ≥ 1, τ is of the form
τ =
√
Θ
v
, (E8)
which is attained at rz = 0, i.e., any state in the xy
plane.
The set S (in Fig. 5) for all values of ∆ in Landau-Zener
model is center symmetric about the original point, this
is due to the fact the trajectories of two center symmet-
ric states are also center symmetric, as shown in Fig. 10,
15
which means the evolution of the angles between the ini-
tial and evolved states are the same for these two states.
Therefore they can both reach the target angle simultane-
ously, which is the reason why S is also center symmetric.
Next we calculate the bound τB = Θ/Q [14], where
Q =
1
t
ˆ t
0
√
2Tr(ρ(t′)2H2 − ρ(t′)Hρ(t′)H)
Tr(ρ(t′)2)− 1/2 dt
′. (E9)
Since Tr(ρ(t′)2H2) = 12
(
∆2 + v2t′2
) (
1 + |~r|2), and
Tr(ρ(t′)Hρ(t′)H) =
1
2
∆2
(
1− |~r|2 + 2r2x
)
+ 2∆vt′rxrz
+
1
2
v2t′2
(
1− |~r|2 + 2r2z
)
. (E10)
Then one can have
2Tr(ρ(t′)2H2)− 2Tr(ρ(t′)Hρ(t′)H)
= 2(∆2 + v2t′2)|~r|2 − 2(∆rx + vt′rz)2. (E11)
In the meantime, Tr(ρ(t′)2) − 12 = 12 |~r|2, which gives us
the final expression of Q in this case as
Q =
2
t
ˆ t
0
dt′
√
∆2 + v2t′2 − 1|~r|2 (∆rx + vt
′rz)2. (E12)
When ∆ = 0, rz(t′) = rz is a constant, and the equation
above reduces to
Q = vt
√
1− r
2
z
|~r|2 . (E13)
Appendix F: The QSL in open systems
1. S for the general master equation
For many quantum open systems, the dynamics is gov-
erned by the following master equation
∂tρ = −i [H, ρ] +
∑
i
γi
[
LiρL
†
i −
1
2
{L†iLi, ρ}
]
, (F1)
where ρ is a N -dimensional density matrix, and Li is ith
Lindblad operator depicting certain decay mode. Now
we calculate the set S for this dynamics. Substituting
the Bloch representation of ρ into the equation above,
one can obtain∑
k
(∂trk)λk
= −i
∑
k
rk [H,λk] +
∑
i
γi
√
2
N(N − 1)
[
Li, L
†
i
]
+
∑
i
γi
∑
k
rk
(
LiλkL
†
i −
1
2
{
L†iLi, λk
})
. (F2)
Recall that the su(N) generators satisfy
[λk, λl] = 2i
∑
m
klmλm, (F3)
{λk, λl} = 4
N
δkl1 + 2
∑
m
µklmλm, (F4)
where klm and µklm are some constants. Substituting
λl into both sides of the equation above and taking the
trace, one can finally obtain the following equation
∂t~r =MT~r + ~q, (F5)
which is an affine map with the entries of the coefficients
Mkl =
∑
i
γi
2
[
Tr
(
LiλkL
†
iλl
)
−
∑
m
µklmTr
(
L†iLiλm
)]
+
∑
m
klmTr(Hλm)− 1
N
∑
i
γiδklTr
(
L†iLi
)
,(F6)
and
ql =
∑
i
γi√
2N(N − 1)Tr
([
Li, L
†
i
]
λl
)
. (F7)
In the case that Li can be decomposed with the genera-
tors, i.e., Li = ei,id1 +
∑
k ei,kλk, the coefficients can be
rewritten as
Mkl =
∑
m
klm
[
Tr (Hλm) + 2
∑
i
γiIm(ei,ide
∗
i,m)
]
+
2
N
∑
i
γi
(
ei,ke
∗
i,l − δkl
∑
k′
|ei,k′ |2
)
+
∑
ik′mm′
γiei,k′e
∗
i,m′
[
(ik′km+µk′km)(imm′l+µmm′l)
−µklm(imm′k′ + µmm′k′)
]
, (F8)
and
ql =
∑
ikk′
4γiIm(e
∗
i,kei,k′)kk′l√
2N(N − 1) . (F9)
For example, the coefficients for N = 2 reduce to
Mkl =
∑
m
klm
[
Tr (Hλm) + 2
∑
i
γiIm(ei,ide
∗
i,m)
]
+2
∑
i
γi
[
Re(ei,ke
∗
i,l)− δkl
∑
k′
|ei,k′ |2
]
, (F10)
and ql =
∑
ikk′ 2γiIm(e
∗
i,kei,k′)kk′l.
In the case that M and ~q are time-independent, the
solution of Eq. (F5) is
~r(t) = eM
Tt
(
~r −~l
)
+~l, (F11)
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where ~l satisfiesMT~l = −~q. The inner product between
~r(t) and ~r then reads
~r(t) · ~r = ~rTeMTt(~r −~l ) + ~rT~l. (F12)
Therefore, the general expression of S for the above-
mentioned master equation is
S =
{
~r
∣∣∣ cos Θ = ~rTeMTt(~r −~l ) + ~rT~l|eMTt(~r −~l ) +~l ||~r| ,∃t
}
. (F13)
2. Spontaneous emission
Calculation of S. Here we show the analysis of the
QSL for the dynamics
∂tρ = −i [H, ρ] + γ+
[
σ+ρσ− − 1
2
{σ−σ+, ρ}
]
+γ−
[
σ−ρσ+ − 1
2
{σ+σ−, ρ}
]
, (F14)
where σ± = (σx ± iσy)/2 and H = ω0σz/2. In the Bloch
representation,M reads
M =
 − 12 (γ+ + γ−) ω0 0−ω0 − 12 (γ+ + γ−) 0
0 0 −(γ+ + γ−)
 ,
and ~q = (0, 0, γ+ − γ−)T. Then the solution is
rx(t) = e
− 12 (γ++γ−)t [cos (ω0t) rx(0)− sin (ω0t) ry(0)] ,
ry(t) = e
− 12 (γ++γ−)t [cos (ω0t) ry(0) + sin (ω0t) rx(0)] ,
rz(t) =
γ+−γ−
γ++γ−
[
1−e−(γ++γ−)t
]
+ e−(γ++γ−)trz(0).(F15)
Rewriting the initial state as
~r(0) = η (sinα cosϕ, sinα sinϕ, cosα) , (F16)
the solutions reduce to
rx(t) = ηe
−(γ++γ−)t/2 sinα cos (ω0t+ ϕ) ,
ry(t) = ηe
−(γ++γ−)t/2 sinα sin (ω0t+ ϕ) , (F17)
rz(t) = ηe
−(γ++γ−)t cosα+
γ+ − γ−
γ+ + γ−
[
1− e−(γ++γ−)t
]
.
The purity is of the form
|~r(t)|2 =
{
γ+−γ−
γ++γ−
[
1− e−(γ++γ−)t
]
+ηe−(γ++γ−)tcosα
}2
+η2e−(γ++γ−)t sin2 α. (F18)
In the mean time, the inner product between the initial
and evolved states is
~r(0) · ~r(t)
= η2e−(γ++γ−)t cos2 α+ η2e−
1
2 (γ++γ−)t sin2 α cos (ω0t)
+η
γ+ − γ−
γ+ + γ−
[
1− e−(γ++γ−)t
]
cosα. (F19)
Hence, S in this case can be expressed by
S =
{
~r(η, α)
∣∣cos Θ = sin2 α cos (ω0t) + cosαχ√
sin2 α+ χ2
,∃t
}
,
(F20)
in which
χ = e−
1
2γf t cosα+
2γd
ηγf
sinh
(
1
2
γft
)
. (F21)
with γf = γ+ + γ− and γd = γ+ − γ−.
Markovian dynamics. Now we consider the case γ+ =
0 and γ− = γ, which represents the dynamics of the
spontaneous emission. In this case, χ reduces to
χ = e−
1
2γt cosα− 2
η
sinh
(
1
2
γt
)
. (F22)
Now we assume η is very small (in the following we will
use δη instead) and the time to reach the target angle
could also be very small. For a very small γt, χ approxi-
mates to
χ ≈ cosα− γt
δη
, (F23)
with which the constrain in Eq. (F20) reduces to
cos Θ =
1− γtδη cosα√
1− 2γtδη cosα+ γ
2t2
(δη)2
=
1− γtδη cosα√(
1− γtδη cosα
)2
+ γ
2t2
(δη)2 sin
2 α
. (F24)
Considering the case that Θ ∈ (0, pi/2), the equation
above is equivalent to
cot Θ =
1− γtδη cosα
γt
δη sinα
, (F25)
which can be rewritten as
sinα cot Θ + cosα =
δη
γt
. (F26)
For a fixed δη, the minimum time can be obtained when
the left-hand term is maximum. Using the derivative
of left-hand term with respect to α cosα cot Θ − sinα,
one can immediately find out that the maximum value is
obtained when cot Θ = tanα, i.e.,
α =
pi
2
−Θ. (F27)
With this optimal initial state, τ reads
τ =
δη
γ
sin Θ. (F28)
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A remarkable fact here is that τ is propositional to δη,
which means mixed initial states can provide a smaller τ
than pure states.
non-Markovian dynamics. This model (γ+ = 0,
γ− = γ) can also reveal the non-Markovian dynamics
of damped Jaynes-Cummings models, in which γ = γ(t)
is a time-dependent decay rate. Utilizing an effective
Lorentzian spectral density
J(ω) =
1
2pi
γ0λ
(ω0 − ω)2 + λ2 , (F29)
γ(t) can be analytically obtained as [22]
γ(t) =
8γ0λ sinh
(
1
2dt
)
d cosh
(
1
2dt
)
+ λ sinh
(
1
2dt
) , (F30)
where d =
√
λ2 − 2γ0λ. In this case, the entries of Bloch
vector read
rx(t) = ηe
− 12 Re(Γ) sinα cos
(
1
2
Im(Γ) + ω0t+ ϕ
)
,
ry(t) = ηe
− 12 Re(Γ) sinα sin
(
1
2
Im(Γ) + ω0t+ ϕ
)
,
rz(t) = η cosαe
−Re(Γ) − (1− e−Re(Γ)),
where Γ =
´ t
0
γ(t′)dt′ and Re(·), Im(·) are the real
and imaginary parts. With these expressions, the norm
square of ~r can be calculated as
|~r(t)|2 = η2e−Re(Γ) sin2 α+
[
(1 + η cosα)e−Re(Γ) − 1
]2
.
(F31)
In the mean time,
~r · ~r(t) = η2e− 12 Re(Γ)
{
sin2 α cos
(
1
2
Im(Γ) + ω0t
)
+ cosα
[
e−
1
2 Re(Γ) cosα− 2
η
sinh
(
1
2
Re(Γ)
)]}
,
which directly gives the set S as
S=
~r ∣∣∣ cos Θ = sin2 α cos
(
1
2 Im(Γ) + ω0t
)
+ cosαχ1√
sin2 α+ χ21
,
(F32)
where
χ1 = e
− 12 Re(Γ) cosα− 2
η
sinh
(
1
2
Re(Γ)
)
. (F33)
The numerical calculation suggests that similar to the
Markovian dynamics, a lousy purity in this case can also
benefit the reduction of τ . Since τ is very small here, Γ
would also be very small in the case that γ0 is not too
large. In this case, χ1 approximates to χ1 ≈ cosα−Re(Γ)δη ,
which makes
cos Θ =
1− Re(Γ)δη cosα√(
1− Re(Γ)δη cosα
)2
+ Re
2(Γ)
(δη)2 sin
2 α
. (F34)
We also consider the case that Θ ∈ (0, pi/2), the equation
above equals to
cot Θ =
1− Re(Γ)δη cosα
Re(Γ)
δη sinα
, (F35)
which can be rewritten as
sinα cot Θ + cosα =
δη
Re(Γ)
. (F36)
For a fixed δη, the minimum time can be obtained when
the left-hand term is maximum, which is the same as the
Markovian case, i.e., α = pi2−Θ. With this optimal initial
state, we have Re(Γ) = δη sin Θ. Recalling the definition
of Γ, one can obtain
ˆ τ
0
8γ0λ sinh
(
1
2dt
′)
d cosh
(
1
2dt
′)+ λ sinh ( 12dt′)dt′ = δη sin Θ, (F37)
which can be further solved as(
1− λ
d
)
e−
1
2 (d+λ)τ +
(
1 +
λ
d
)
e
1
2 (d−λ)τ = 2e−
1
8 δη sin Θ.
(F38)
3. Parallel Dephasing
Now we consider the dephasing model, in which the
dynamics can be written as
∂tρ = −i
[
1
2
ω0σz, ρ
]
+
γ
2
(σzρσz − ρ) . (F39)
In this caseM reads
M =
 −2γ ω0 0−ω0 −2γ 0
0 0 0
 , (F40)
and ~q is a zero vector. Then the dynamics of the Bloch
vector reads
rx(t) = e
−γt [cos (ω0t) rx(0)− sin (ω0t) ry(0)] ,
ry(t) = e
−γt [cos (ω0t) ry(0) + sin (ω0t) rx(0)] ,
rz(t) = rz(0). (F41)
Rewriting the initial state as Eq. (F16), the solutions
reduce to
rx(t) = ηe
−γt sinα cos(ω0t+ ϕ),
ry(t) = ηe
−γt sinα sin(ω0t+ ϕ),
rz(t) = η cosα. (F42)
Since the purity Tr(ρ2) = η2
(
e−2γt sin2 α+ cos2 α
)
,
the inner product between the initial and evolved states
is
~r(0) · ~r(t) = η2 [e−γt cos (ω0t) sin2 α+ cos2 α] . (F43)
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Hence, S is of the form
S =
~r(α)∣∣∣cos Θ= 1− [1− e−γt cos(ω0t)] sin2 α√
1− (1− e−2γt) sin2 α
,∃t
 .
(F44)
To provide the regime of α in S, we need to solve sin2 α
in the constraint condition in Eq. (F44). Rewrite it as
x21y
2 + (cos2 Θx2 − 2x1)y + sin2 Θ = 0, (F45)
where y = sin2 α, x1 = 1 − e−γt cos(ω0t) and x2 = 1 −
e−2γt. The general solution for the equation above is
y± =
1
x1
− cos2 Θ x2
2x21
± cos Θ
2x21
√
cos2 Θx22 + 4x
2
1 − 4x1x2.
To know if the expression of y± is exactly equivalent to
Eq. (F44) (since Eq. (F45) may bring extra solutions),
the sign of
1−x1y± = cos Θ
2x1
(
cos Θx2 ∓
√
cos2 Θx22 + 4x
2
1 − 4x1x2
)
needs to be checked to see if it coincides with cos Θ. In
the case that cos Θ ≥ 0, 1− x1y− is always positive and
1 − x1y+ is only positive when cos(ω0t) > e−γt, which
means Eq. (F44) for cos Θ ≥ 0 is actually equivalent to
sin2 α =
{
y−, for cos(ω0t) ≤ e−γt,
y±, for cos(ω0t) > e−γt.
(F46)
Using a similar analysis, one can see that for cos Θ < 0,
Eq. (F44) is equivalent to
sin2 α = y− (F47)
when cos(ω0t) ≤ e−γt and no solution exists for other
values of t.
Now we discuss the existence of solutions for t using
Eqs. (F46) and (F47) instead of Eq. (F44). The solu-
tions for t exist only when y± is real and within the
regime (0, 1] for some values of t. The requirement for
real solutions is x22 cos2 Θ− 4x1x2 + 4x21 > 0, which can-
not always be satisfied for any value of t. When t → 0,
x22 cos
2 Θ−4x1x2 + 4x21 reduces to 4γ2t2(cos2 Θ−1) < 0,
indicating that no state can fulfill the target angle in
an extremely small time. Furthermore, when t → ∞,
x22 cos
2 Θ − 4x1x2 + 4x21 reduces to cos2 Θ > 0. There-
fore, the solution of time must be larger than the time
(tc) that first let x22 cos2 Θ−4x1x2 +4x21 be zero. Around
the time tc, y± reduces to
y± =
1
x1(tc)
(
1− x2(tc)
2x1(tc)
cos2 Θ
)
≈ 2
x2(tc)
− 1
x1(tc)
. (F48)
For a not very large γ, tc always satisfies cos(ω0tc) <
e−γtc , which immediately gives x1(tc) > x2(tc), then one
can see that
y± ≥ 1
x2(tc)
≥ 1. (F49)
Furthermore, in the same regime that cos(ω0t) ≤ e−γt
can be satisfied, x1(t) > x2(t) always holds, which gives
y− ≥ 1
x1
− cos2 Θx2
x21
(F50)
for cos Θ ≥ 0 and y− ≥ 1/x1 for cos Θ < 0. These two
lower bounds can be both lower than 1 for a proper time.
Hence, the value of y− in this regime will continuously re-
duce to some value smaller than 1 from the time tc, which
means the first cross point between y− and the regime
(0, 1] has to be at 1, which corresponds to the shortest
time solution for Eqs. (F46) and (F47). At this point,
the constrain in Eq. (F44) reduces to cos Θ = cos(ω0t),
which immediately gives the QSL as
τ =
Θ
ω0
. (F51)
For example, in the case that Θ = pi/2, the constrain
in Eq. (F46) reduces to
sin2 α =
1
1− e−γt cos(ω0t) . (F52)
For a not very large γ, the smallest value of the right-
hand side expression is [1 + exp(−γpi/ω0)]−1, which can
be reached at t = pi/ω0. And it is obvious that its value
can larger than 1; therefore, the regime of sin2 α in which
the above equation has solutions for t is sin2 α ∈ [(1 +
e−
γpi
ω0 )−1, 1], which directly leads to the regime of α in S
as
α∈
arcsin
 1√
1 + e−
γpi
ω0
 , pi−arcsin
 1√
1 + e−
γpi
ω0
,
and the QSL is τ = pi/(2ω0).
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